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PREFACE 
The most effective form of research is one where techniques 
of ana lysis are developed concurrently with a programme of 
relevant experimental work. It is essential to be able to 
compare the oretical predictions with the results of field tests 
and, indeed, a particular analytical solution may often indicate 
the most suitable form of field test to be undertaken. 
The Building Research Station is at present involved in an 
extensive programme of field studies of piles. This work 
includes load tests on specially instrumented tubular piles, 
and monitoring of the performance of actual piled foundations. 
The aim of the research outlined in this thesis iS ,to provide 
the necessary methods of analysis to enable these field ex-
periments to be interpreted correctly with a view to developing 
a more unified approach to pile design. Grateful acknowledgement 
is made to the Building Research Station for providing financial 
support during the period in which the research leading to this 
thesis was undertaken. 
I am greatly indebted to D;r:-.C.P.Wroth, my supervisor, for 
his constant guidance throughout the course of this research. 
Without hi~ penetrating criticism, many of the ideas in this 
thesis might have remained undeveloped. I also owe much to my 
colleagues in the Soil Mechanics group at Cambridge University 
Engineering Department and in the Geotechnics Division at the 
Building Research Station, particularly to Dr.J.B.Bu;r:-land, Head 
of Geotechnics Division. 
I would like to thank Mrs.R.H,Stock fo;r:- her efficient and 
accurate typing of this thesis; I would also like to record 
my thanks to my wife for her continuing encouragement and sup?ort. 
Except where specific reference is made in the text to the 
work of others, the contents of this disse;r:-tation are original 
and have not been submitted to any other university. 
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ABSTRAC'l' 
Well proven numerical techniques of analysis have been 
used to study the manner in which piled foundations deform 
under working loads. It has been assumed that the soil surround-
ing the piles may be characterised by suitably chosen elastic 
constants. This assumption has enabled simple models of the 
behaviour of single piles under the action of vertical and 
hori zonta l loads( to be established; the models have led to 
more e fficient and economic methods of estimating the likely 
deformation of vwrking piles ( and an i.mproved understanding of 
the manner in which load is transferred from pile to soil. 
The mode ls for the behaviour of single piles have been extended 
for the analysis of pile groups( by studying the deformation 
pattern s in the soil around a loade d pile. The solutions 
deve loped have been extensively checked to ensure that they 
agre e with the results of more sophisticated, computer oriented( 
analyses, and also that they are consistent with the results 
of model and full -scale pile tests. An attempt has been made, 
towards the end of the the s is, to estimate the distur bance due 
to the inijt a llation of a pile, particularly as regards the 
generation of excess pore pressures and the subsequent 
conso lidation. 
~ii-
-CONTENTS 
PREFACE 
ABSTRACT 
CONTENTS 
LIST OF SYMBOLS 
CHAPTER 1 - INTRODUCTION 
CHAPTER 2 - CURRENT METHODS OF PILE ANALYSIS 
2.1 Introduction 
2.2 Finite element analysis 
2.2.1 Finite element analysis of an axisyrnmetric 
PAGE NO. 
i 
ii 
iii-viii 
ix-xii 
1-4 
5-20 
5 
6 
structure with arbitrary loading 8 
2.3 Integral equation analysis 11 
2.3.1 Integral equation method for vertically 12 
loaded piles 
2.3.2 Integral equation method for horizontally 14 
loaded piles 
2.3.3 Integral equation method for raking piles 15 
2.3.4 Scope of the integral equation method 16 
2.4 Load transfer function analysis 17 
2.4.1 Load transfer analysis for vertically 17 
loaded piles 
2.4.2 Load transfer analysis for laterally 18 
loaded piles 
2.4.3 Linear load transfer function analysis 19 
CHAPTER 3 DESCRIPTION OF NUMERICAL TECHNIQUES ADOPTED 21-38 
3.1 Introduction 21 
-iii-
-3.2 'l'yJQ-dimensional finite element program 
3.2.1 Validation of two-dimensional finite 
element program 
21 
22 
3.2.2 Axisymmetric analysis of single piles by 25 
the finite element method 
3.3 Finite element program for analysis of piles under 27 
general loading 
3.4 Progr.'am for integ-ral equation analysis of vertically 29 
loaded piles 
3.4.1 Validation of integral equation analysis 33 
for vertically loaded piles 
3.5 Progra.m for integral equation analysis of 
horizontally loaded piles 
3.6 Analysis of horizontally loaded piles using 
coefficient of subgrade reaction 
3 . 7 Summary 
CHAPTER 4 -- A FUNDAl-mNTAL APPROACH TO THE ANALYSIS OF 
VERTICALLY LOADED PILES 
33 
37 
38 
.3~-6 9 
4.1 Introduction 39 
4.2 Dimensional analysis 39 
4.3 Analysis of pile by separation of loads carried 41 
by shaft and base 
4.3.1 Interaction of pile shaft with upper layer 42 
of soil 
4.3.2 
4.3.3 
Effect of lower layer of soil on upper layer 43 
4.3.4 
Deformation of upper layer of soil in bending 45 
Interaction of pile base with lower layer 47 
and effect of upper layer 
4.4 Combining base and shaft transfer of load 
4.5 Pile compressibility 
4.6 Consideration of soil inhomogeneity 
4.6.1 Radial inhomogeneity 
4.6.2 Vertical inhomogeneity 
4.6.3 End-bearing piles 
-iv-
49 
51 
54 
54 
55 
59 
/ 
4.7 Surrmary of analytical mocel for single piles 
4.8 Application of analytical model to pile tests 
4.9 Application of analytical model to pile design 
4.10 Conclusions 
CHAPTER 5 - Ex'rENSION OF' ANlI,LYSIS FOR VERTICALLY 
LOADED PILES 
5.1 Introduction 
5.2 Effect of neighbouring piles 
59 
61 
65 
68 
70-94 
70 
70 
5.2.1 Interaction of pile shaft displacement 71 
fields 
5.2.2 Interaction of pile base displa.cement 71 
fields 
5.2.3 Load-settlement ratio of interacting rigid 72 
piles 
5.3 Analysis of rigid pile groups 
5.4 Analysis of compressible pile groups 
75 
77 
5.4.1 Compressible pile groups in an homogeneous 77 
soil 
5.4.2 Compressible pile groups in a vertically 79 
non-homogeneous soil 
5.5 Comparison of model with experimental results 
5.6 Non-linear soil deformation 
5.6.1 Hyperbolic stress-strain curves 
81 
83 
85 
5.7 Examples of application of non-linear stress-strain 89 
curves to pile behaviour 
5.8 Conclusions 92 
CHAPTER 6 - ANALYSIS OF SINGLE HORIZONTALLY LOADED PILES 95-118 
6 . 1 Introduction 95 
-v-
6.2 Linear loa d transfe r analys is of horizontally 
loaded pile s 
97 
6.2.1 Dimens iona l analysis for pil e s in a 98 
Winkler medium 
6.2.2 Equivalent coefficient of subgrad~ reaction 100 
6.3 Continuum analyses of horizontally loaded piles 102 
6.3.1 Homogeneous soils 
6.3.2 Non- homogeneous soils 
6.3.3 Dimensional analysis for piles in a 
continuum 
102 
105 
105 
6.3.4 Functional form of equations (6.14) and 108 
(6.15 ) 
6.3.5 Induced bending moments III 
6.3.6 Short stiff piles III 
6.4 Summary of a.nalysis for horizontally loaded piles 112 
6.5 Application of analysis to pile tests 114 
6.5.1 'rest on bored pile in Beaumont clay (Reese 114 
and Kelch, 1975) 
6.5.2 Test on mini - piles in London clay (Price,1977)l16 
6.6 Conclusions 117 
CHAPTER 7 - ANALYSIS OF HORIZONTALLY LOA.DED PILE GROUPS 119-135 
7.1 Introduction 
7.2 Interaction between two fixed headed piles 
7.2.1 Estimation of interaction factors from 
finite element analyses of single piles 
119 
120 
122 
7.2.2 Application of inter a ction factors to pile 124 
test.s 
7.3 Analysis of pile groups 
7.3.1 
7.3.2 
7.3.3 
( 
Rotational stiffness of piJ.e groups 
Effect of cap cont~ct with ground 
Ba ck-analys is of mini - pile tests (Price 
and Tarr, 1978) 
-'vi-
126 
127 
130 
133 
7.4 Conclusi.ons 
CHAPTER 8 - CONSOLIDATION AROUND A DRIVEN PILE 
8.1 Introduction 
8.2 Consolidation after pile driving 
8.2.1 Plane strain deforrn2.ticn 
8.2.2 Deformation at constant total vertical 
stress 
8.3 Boundary conditions and general solution 
134 
136-155 
136 
137 
138 
141 
142 
8.3.1 Solution for plane st.rain deformation 143 
8.3.2 Solution for constant total vertical stress 145 
8.4 Initial excess pore pressure distribution after 146 
pile driving 
8.4.1 Modelling of pile driving as expansion of 147 
a cylindrical cavity 
8.5 Implementaticn of the initial excess pore pressure 149 
distribution into the solution 
8.5.1 Plane strain deformaticn 
8.5.2 Deformation at constant total vertical 
stress 
150 
151 
8.6 Variation of excess pore pressure during 152 
consolidation 
8.7 Changes in principal stresses during consolidation 153 
8.7.1 Plane strain deformation 
8.7.2 Deformation at constant total vertical 
stress 
8.8 Conclusions 
CHAPTER 9 - CONCLUSIONS AND FUTURE RESEARCH 
9.1 Vertically loaded piles 
9.2 Horizontally loaded piles 
-viJ-
153 
153 
154 
156-161 
156 
158 . 
---
9.3 Effect of installation of pile 
9.4 Future research 
9.5 Conclusions 
REFERENCES 
TABLES 
FIGURES 
APPENDIX A - ANALYSIS OF THE DEFOID1ATION OF A THICK 
'PLA'l'E' OF SOIL 
APPENDIX B - DETAILS' OF ANALYSIS OF OTEO'S (1972) 
MODEL PILE TESTS 
APPENDIX C - FOURIER-BESSEL ANALYSIS OF PILE 
CONSOLIDATION 
-viii-
159 
160 
161 
162-170 
172-181 
183- 249 
251-254 
255-257 
258 - 260 
> 
LIST OF SYMBOLS 
a Radius of 'plate' of soil (Chapter 4 and Appendix A), 
also inner radius of cylinder in test problem (iii) 
Chapter 3. 
A Cross-sectional area of pile, p 
b Factor in distribution of soil shear modulus with depth, 
also outer radius of cylinder in test problem (iii), 
Chapter 3. 
B Constants in consolidation solution 
n 
c Various constants, also coefficient of consolidation. 
C
u 
Undrained shear strength. 
E Young's modulus. 
F Load tenn (section 2.2.1). 
G Shear modulus. 
h Semi-depth of 'plate' of soil (Chapter 4 and Appendix A). 
I Second moment of area of pile. p 
J. Bessel function of the first kind, ith order. 
1 
k Coefficient of subgrade reaction, also soil permeability. 
~ Length of pile (also length of cantilever). 
m Gradient of soil shear modulus with depth. 
H Moment. 
n Number of particular Fourier component. 
N Shape function, also total nt~ber of Fourier components. 
p Pressure . 
P Force 
-ix-
q Deviator stress. 
r Radius, radial polar co-ordinate. 
R Radius of disc in test problem (ii), Chapter 3, also 
limit of initial excess pore pressure after pile driving. 
Rf Parameter in hyperbolic formulation of stress-strain curve. 
s Pile spacing 
s Critical slenderness ratio of pile c 
t Time 
u Pore pressure. 
u,v,w Displacements in co-ordinate directions. 
v Velocity of pore water relative to soil 
V VolwTletric strain. 
x,y,z Cartesian co-ordinates 
Y. Bes~el function of the second kind, ith order. l 
z Depth in polar co-ordinates. 
Z Zeros of cylinder functions n 
a Interaction factor 
an Separation constants in consolidation solution 
y Shear strain. 
Yw Unit weight of water 
6 Deflection, also semi-depth of cantilever in test 
problem (i), Chapter 3. 
Increment. 
Normal strain. 
Parame ter in vertical pile deformation 
-x-
/ 
n Depth factor, also inverse ratio of underream, ro/rb' 
e Angle, angular polar co- ordina te. 
K,A,M Soil parame ters in Cam Clay model. 
A Pile- soil stiffness ratio , E /G. p 
A Constants in consolidation solution. 
n 
~ Parameter in compressible pile deformation, also 
constant in definition of cylinder function, ~. = J. + ~ Y .• 
1 1 1 
v Poisson's ratio 
~ Ratio of shear moduli, G£/Gb , also radial movement of 
soil in consolidation solution. 
TI Mathematical constant 
p Ratio of soil shear modulus at mid-depth of pile to that 
at base of pile. 
a Normal stress. 
T Shear stress. 
~ Stress resultant, also soil parameter. 
~ Fraction of shear strength mobilised, ~ = To/RfTf' also 
angle from direction of horizontal loading of pile. 
(g. Cylinder function, eg. = J. + ~ Y .• 1 1 1 1 
Main subscripts used: 
b Base of pile. 
c Critical. 
f Failure. 
h Horizontal. 
-xi-
1 Value at depth of pile base. 
m Maximum 
o Value at pile-soil interface, except k is the coefficient 
o 
of subgrade reaction at the soil surface. 
p Pile. 
r,z,8 Respective direction in polar co-ordinates. 
s Pile shaft, also used in unambiguous cases for soil. 
t Value at the top of pile. 
v Vertical. 
x,y,z Respective direction in Cartesian co-ordinates. 
-xii-
CHAPTER 1 - INTRODUCTION 
The advent of computer technology has put many powerful 
me thods of analysis a-t the disposal of the pile designer. In 
theory, numerical techniques, such as finite element analysis, 
enable complex foundations to be modelled in their entirety; 
if a suitable model is available for the stress-strain behaviour 
of the soil, analysis will yield estimates of deformation at 
working loads and also an estimate of the collapse load of the 
foundation. In practice, however, the cost of such a complete 
analysis normally precludes its use in the design stages of a 
foundation; the absence of a realistic soil model for all stages 
of the loading path entails splitting the design of piled 
foundations into two distinct phases (i) the overall stability 
of -th e foundation, and (ii) the deformation of the foundation 
at working loads. 
This thesis will be concerned, almost entirely, with the 
latter phase of pile design. The decision to install piled 
foundations rather than a raft foundation is often made on the 
basis of reducing the likely deformation at working load. However, 
because the piles are designed to support the whole weight of 
the structure, ignoring any fraction of the load taken by the 
pile cap, the eventual foundation is usually over-designed from 
a deformation point of view. Burland, Broms, and de Mello (1977) 
suggest a new approach to pile design where the piles are 
regarde d as a means to reduce deformation but not necessarily 
as the sole foundation for the structure. If such an approach 
is to be adopted, then it becomes essential to be able to 
estimate accurately the stiffness of pile-soil systems. 
In the absence of large scale pile tests on the site in 
ques -tion, most pile designs rely on the results of numerical 
techniques of analysis. The two main techniques are finite 
element analysis and integral equation analysis; both of these 
methods are only practicable if compute-rs of a reasonable size 
are available. Although both methods are, in principle, capable 
of application to complex problems involving non-homogeneity 
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and non- linear soil models, in practice, in the design of 
pile s , they have only been used extensively with several 
simplifying assumptions. Thus probably the most widely adopted 
sets of design charts for vertically loaded piles are based on 
integral equation analyses assuming a linear elastic, homo-
geneous, soil layer (Poulos and Davis, 1968; Mattes and Poulos, 
1969) . 
The assumption of a linear elastic soil model is unreal -
istic for most soils and yet, if an estimate of the deformation 
of a pile at a given load is required, it is sufficient to 
characterise the soil by a single elastic modulus, independent 
of stress level, provide d an appropriate value is chosen. The 
choice of a suitable secant modulus is by no means straight-
forward; one of the aims of the present resear~h is to develop 
a model of pile behaviour which will indicate the stress 
changes in the soil due to loading the pile and thus yield 
suitable values of the soil modulus for use in an elastic 
analysis. To some exte nt, the ready availability of computer 
techniques of analysis has acted as a brake on fundamental 
research into the load- transfer mechanism of piles. There is 
no simple model available to show how to modify the results 
of one particular analysis of a pile, to account for possible 
variations in the design, such as a stiffer pile, or a layer 
of weaker soil at some depth down the pile. 
The main object of the present research is to use well 
proven analytic techniques in conjunction with experimental 
data to establish a more unified approach to pile design. 
Different methods of analysis will be compared to ensure that 
they are consistent amongst themselves; the effects of various 
idealisations of the pile and soil will be investigated. In 
particular, alternative, and much simpler, models of pile 
behaviour will be developed based on an elastic soil, which 
will simulate the results of computer methods of analysis, 
thereby · leading to l a rge savings in cost during the early stages 
of pile design. The simplest problem of a single pile, installed 
without disturbance into an elastic medium, will be taken as 
a starting point; subsequently the model will be developed to 
-2-
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t a ke account of pile group behaviour and non-linear soil 
deforma tion. The effect of disturbance due to installation 
of the pile, particrilarly for piles driven into cohesive soils, 
will also be discussed. 
The structure of this thesis falls naturally into four 
main sections 0 In Chapters 2 and 3, the numerical methods used 
for pile analysis are discussed. The background to the methods, 
and application of them to pile analysis reported in the 
literature, is outlined in Chapter 2, while Chapter 3 deals in 
more detail with the methods as they have been utilised by the 
author. Chapters 4 and 5 are concerned exclusively with 
vertically loaded piles. A model is developed for the behaviour 
of a single vertically loaded pile in an elastic medium in 
Chapter 4, and this model is extended to include the effects 
of neighbouring piles and soil non-linearity in Chapter 5. A 
similar development for horizontally loaded piles is followed 
in Chapters 6 and 7. The problem is more complex than for 
vertically loaded piles and the model developed in Chapter 6 
for a single horizontally loaded pile is less analytically based 
than the corresponding model for a vertically loaded pile. 
Chapter 7 exte nds the model to pile groups, and an approach to 
the design of capped pile groups under horizontal loading is 
outlined. Finally, in Chapter 8, the effect of installation of 
a real pile on the soil properties is discussed. A solution for 
radial consolidation around a driven pile, based on a linearly 
consolidating soil, is presented. The relevance of this solution 
and the models of pile behaviour developed in Chapters 4 to 7 
are discussed in a concluding chapter. 
It is hoped that the semi-analytical models developed in 
this thesis will lead to an improved under,standing of pile 
behaviour. The proof of the models lies in their ability to 
lead to the correct prediction of the performance of an actual 
pile. Unfortunately in most cases where pile tests are conducted, 
there are rarely good independent estim te s of the soil stiffness 
available, and the tests are usually back-analysed by choosing 
a value of the soil stiffness which gives the best fit between 
the analysis and the experimental data. The emphasis in this 
thesis has been "to choos~ pile tests where independent estimates 
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of the soil s·tiffness prof ile were available. In particular 
the set of tests on mini - piles in London Clay (Cooke, 1974; 
Price , 1977; 'Cooke, Price, and Tarr, 1978; Price and Tarr, 1978 ) 
has been studied. These tests comprised vertical and hori-
zontal load tests on the same set of piles and it was thus 
possible to use the soil modulus profile back-analysed from the 
vertical load test on a single pile, to predict the performance 
of the piles under other load conditions. Analysis of this 
series of tests illustrates the essential feature of pile design, 
where the performance of a complete foundation must be estimated 
from the results of independent soil tests or, at best, the 
results of tests on a single prototype pile. 
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CHAPTER 2 - CURREN'I' ME'I'HODS OF PILE ANALYSIS 
2 . 1 INTRODUCTION 
Analytic techniques for estimating the deformation of 
piles at working loads fall into two categories. Firstly there 
are the methods which tre a t the soil as a continuum, such as 
the finite element and inte gral equation (boundary element ) 
methods. Although these me thods are essentially rigorous, 
within the accuracy of the numeric a l techniques emploY,ed, they 
are computationally expens ive and are limited by the accuracy 
with which the stress-strain behaviour of the soil may be mode lled . 
The second category comprises methods which are phenome nological 
by nature. The soil is treated, not as a continuum, but merely 
as a source of resistance to deformation of the pile. The 
relationship between the soil resistance and the pile deform-
ation is normally obtained from actual pile tests and, in its 
simplest form (as used for example by Burl and and Cooke, 1974) 
relates the deformation of the pile head to the load applied. 
A more sophisticated approach is adopted in the so - called 'load 
transfer ' analysis (e.g . Coyle and Reese, 1966) where the load 
transferred at any point down the pile shaft is related to ,the 
deformation of the soil at that point. 
The latter, non- rigorous, method of analysis relies on 
data fiom a full - scale pile test in order to establish force -
displaceme nt relationships along the pile-soil interface for 
that particular pile and soil type. The usefulness of such 
relationships, however, is restricted to similar piles and soil 
types and the results may not generally be extrapolated for the 
analysis of, say, a stiffer pile. In addition, since the soil 
is not treated as a continuum, the method of analysis gives no 
information about the deformation of the soil at some distance 
from the pile. Thus it is not possible to estimate the inter-
action between nei ghb6uring piles. 
Since most piled foundations consist of groups of piles, 
it is important to be able to calcul a te the deformation pattern 
in the soil around a pile. This is possible with the finite 
eleme nt a nd integral equat ion methods of analysis. The simplest 
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soil model to adopt in these analyses is a linear elastic one. 
Although such a model may be an over-simplification of the 
behaviour of a real soil, the choice of a suitable secant 
modulus of elasticity enables reasonable estimates to be made 
of the deformation of a pile at working loads. 
The mos·t important feature of the rigorous methods of 
analysis is that they enable parametric studies to be undertaken. 
Such studies are an essential part of pile design since they 
show how the deformation of a pile is likely to vary with the 
pile stiffness and geometry. In addition, it becomes possible 
to investigate how non-homogeneity of the soil, either vertical 
(due to the change in stiffness of the soil with depth) or radial 
(due to the effects of pile installation), affects the load-
deformation behaviour of the pile. 
2.2 FINITE ELEMENT ANALYSIS 
The finite element method (Zienkiewicz, 1971; Cook, 1974) 
is theoretically the most powerful tool available to the pile 
designer, since the proposed foundation may be modelled in its 
entirety and any non-linearity or non-homogeneity of the soil 
may be taken into account. Unfortunately, the cost of a full 
three-dimensional, non-linear, analysis is normally prohibitive 
and such analyses (Wittke et aI, 1974) have been restricted, in 
general, to a simple research type problem. Ottaviani (1975) 
has investigated the behaviour of a pile group in a linear 
homogeneous soil under vertical loading. However, this type 
of problem can be tackled more economically using integral 
equation analysis. 
The most useful and economically viable application of the 
finite element method is in the analysis of an axisymmetric 
pile foundation. Normally this will be a single cylindrical 
pile, but the method has been used with some success for the 
analysis of a vertically loaded symmetrical pile group by ideal-
ising a ring of piles as a continuous annulus of equivalent 
s·tiffness and the same total surface area as the piles which it 
rep1aces (Naylor and Hooper, 1975). 
-6-
The non- linear nature of soil has led to the use of non-
linear, ps e udo-elastic soil models in the finite element 
analysis of piles (Ellison, D'Appolonia and Thiers, 1971; 
Desai, 1974; Holloway, Clough and Ve sic, 1975). Such models 
are generally based on the hyperbolic stress- strain relationship 
proposed by Duncan and Chang (1971). The drawback of this type 
of non-linear soil model is that the parameters are obtained 
from triaxial tests on the soil whereas the soil around a pile 
deforms primarily in simple shear. Since the deformation 
behaviour of soil depends to a large extent on the type of stress 
path the soil is subjected to, it is necessary to obtain para-
meters for simple non-linear soil models from the correct sort 
of soil test. Only in this manner can non-elastic effects such 
as dilatancy be correctly accounted for. In the case of pile 
analysis, soil deformation parameters ought to be obtained from 
a simple shear test where the directions of the principal 
stresses rotate as the test progresses. 
It is possible to incorporate a fully elasto-plastic soil 
model into a finite element analysis. In particular, the 
modified Cam Clay model of Roscoe and Burland (1968) has been 
used successfully to analyse problems involving normally con-
solidated or lightly over- consolidated clay (Simpson, 1973; 
Wro~, 1977). At present, little work has been reported on the 
application of elasto-plastic soil models to pile analysis, 
although it seems that this would be a profitable area for 
research, particularly as regards the likely disturbance due to 
installation of the pile. 
One of the objects of analysing a pile foundation is to 
provide an estimate of the likely settlement at working load. 
For this purpose, it is often sufficient to adopt a linear 
elastic soil model as long as a sensible value for the secant 
modulus of the soil is chosen. Indeed, many over-consolidated 
clays deform nearly linearly up to half their ultimate stress 
(Wroth, 1971; Ghosh, 1975; Cooke, Price and Tarr, 1978) and so 
a linear elastic soil model is reasonable. Frank (1975) has 
studied the effect of a dilatant soil on the load deformation 
behaviour of a pile using an elastic soil model. Much of the 
work described later in this thesis is the result of extensive 
parametric studies of a pile in an elastic medium to investigate 
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the effects of ~oil non- homogeneity and variations in the 
pile geome try or stiffness. It is hoped that the results 
will be equally applicable to the design and analysis of 
piles in real soils. 
2.2.1 Finite element analysis of an axisymmetric structure 
with arbitrary loading 
It has already been mentioned that the cost of a finite 
element analysis increases sharply as the transition is made 
from a two-dimensional (plane strain, plane stress, o~ axi-
symmetric) problem to a three-dimensional problem. As a 
result,most finite element analyses of piles have been of 
vertically loaded cylindrical piles. However, it is possible 
to analyse the effect of non-axisymmetric loading of an axi-
symmetric structure, without the expense of a full three-
dimensional treatment, by using techniques of Fourier analysis. 
The method is described in detail by Zienkiewicz (1971) and will 
be outlined briefly below; examples of its application to 
structural problems are given by Wilson (1965) and Dunham and 
Nickell (1967). 
In the normal finite element method, the displacements 
at any point may be expressed in terms of the nodal displace-
ments oe and a shape function [N(r,z)]. Thus 
o = [N(r,z)] ~e (2.1) 
Under the action of non-axisymmetric loading the displacements 
will vary with the 8 co-ordinate and it will be assumed that 
the general displacement may 
N 
o = N(r,z) I 
~ n=O 
be written in the form 
{(cos(n8) + sin(n8)} oe 
~n 
( 2.2) 
Similarly, the loads may be expressed as Fourier series and 
in particular, the nodal forces may be written as 
N 
p = I {R cos(n8) + R sin(n8)}, (a) 
r n n 
n=O 
N 
P = l: {Z cos(n8) + Z sin(n8) } z 
n=O n n 
(b) (2.3) 
N 
P8 = L {T cos(n8) -I- T sin(nG)} n n (c) 
n=O 
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Due to the orthogonality prope rty of the sine and cosine 
functions (i. e. the property that r sin (n 8 )sin (m8 ) d8 = JTI cos (ne )cos (me) de = 0 for n t m) when the 
o 0 
volume integration is performed to evaluate the elements of 
the stiffness matrix, it evolves that the system of equations 
splits into N independent equations, one for each of the Fourier 
components. Moreover, it may be shown that the nth harmonic 
of the loading terms only affects the nth equation and thus 
only as many sets of equations need be solved as there are 
harmonics in the loading term. 
Before discussing the particular significance of this last 
statement for horizontally loaded piles, two important limit-
ations of the method must be stressed. Firstly, the final 
solution of any problem is obtained by superposing the dis-
placeme nt fields from each Fourier harmonic and thus the method 
is limited to linear elastic materials. Even if only a single 
Fourier harmonic is being analysed, the assumption that the 
structural and material properties do not vary with the e 
co-ordinate precludes the use of a non-linear model for the 
, 
mate rial deformation behaviour. Secondly, it should be emphasised 
that each set of equations to be solved now contains one and a 
half times as many degrees of freedom since deformation may 
take place in three directions (r, z and e) as opposed to the 
two directions (r and z) for axisymmetric loading. This . has the 
effect of more than doubling the computation time for each 
solution. Thus, for the method to be cheaper than a full three-
dimensional analysis, the loading must be capable of being 
represented by few (typically less than fiye) Fourier harmonics. 
Figure 2.1 shows oblique views of an axisymmetric node 
subjected to loads which are symmetric and skew symmetric about 
the line e = O. In the case of a laterally loaded pile, the 
loading is synunetrical about the direction of loading which will 
be taken as the e = 0 line. For symmetric loading (see Figure 
2.1(a)) nodal forces per radian of circumference will be of 
the form 
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, l 
N 
P = L R cos (ne ) r n (a) 
n=o 
N 
p = I Z cos (ne) z n (b) 
n==o 
N 
Pe == L T sin (ne) n (c) 
n=o 
In p a rticular, consider the form of loading shown in Figure 
2.2(a) where R == Z == T == 0 for nil, and Rl == P, 
n n n 
(2 .4) 
Zl = ·0, Tl = - Po The combined loading is given in terms of 
the Ca rtesian axes x and y by 
P == P cose - Pe sine = P cos 2 e + P sin 2 e = P ( a) x r 
(2.5) 
P = P sine + Pe cose = P cose sine - P sine cose 
° 
(b) y r 
Thus it is possible to represent a uniform horizontal load by 
a single Fourier harmonic. Similarly, consider the case where 
the only non- zero load term is P = Zl cose = pI cose, acting 
z 
on a node at radius a from the axis of symmetry of the struc-
ture (Figu~e 2.2(b)). The net vertical load will be zero, but 
the applied moment is given by 
M =012- Pz a cose de =012-a P' cos'e de = a - P' 
Thus solution of a single set of equations is sufficient to 
study the effect of both horizontal and moment loading of a 
vertical cylindrical pile . 
( 2. 6 ) 
From virtua l work it is possible to show (Zienkiewicz, 1971) 
that the load term for the first harmonic is given by 
( 2 • 7) 
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Equation (2.5) shows that the total horizontal applied load 
is 2 1T P which is twice the size of the load terms in the r 
and 0 direction (equation 2.7)). By contrast the moment 
loading, from equation (2.6), is equal to the load term in 
the z direction times the radius at which the load is applied. 
The displacements will also be sY@uetrical about the 8=0 
line and, since only the first Fourier harmonic is being con-
sidered, they may be written 
0 == 0 cos 8 (a) 
r r1 
0 = 0 cos e (b) (2.8) 
Z Zl 
08 == °el sin 8 (c) 
Of particular interest are the displacements in the Cartesian 
directions. Taking the x axis along the direction of loading, 
the three displacement components are given by 
u == 
° 
cose -
°e sin8 == 6 r.l cos
2 8 - 08.1 sin
2 8 (a) 
r 
v == 0 sin8 + 
°e cos8 
::: (6 + Q8.l ) sin8 cose (b) (2.9) r r.l 
w == 0 == 0 cos 8 (c) 
z ' Zl 
To summarise, the three-dimensional problem of a laterally 
loaded pile may be analysed by a single finite element analysis, 
incorporating techniques of Fourier analysis, which is approxim-
ately twice as expensive, computationally, as a straightforward 
axis~nmetric analysis. This is substantially cheaper than a 
full three-dimensional analysis. The solution provides values 
of 0 , 0 and 0 at each node of the finite element mesh, 
rL Z1 8.1 
from which the complete displacement, strain and stress fields 
around the pile may be calculated. 
2.3 INTEGRAL EQUATION ANAL~SIS 
In finite element and finite difference methods of analysis 
the di.fferentia.l equations g-Qverning- the behaviour of an 
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elastic medium are solve d approxJma tely by discreti s ing the 
continuum into a number of element s or node modules. By con-
t ras t, the integra l equation approach r e lies on one or more 
particular, exact, solutions of the whole continuum . By super-
posing a number of these particular solutions, distributed 
over the surface of the elastic body, the boundary conditions 
may be satisfied and an exact solution achieved. In practice, 
the distribution of the particular solutions is di screte and 
the boundary conditions are only satisfi.ed at a finite number 
of points. However, since the boundaries need be discretised, 
this me thod normally involves fewer equations to be solved tha n 
a differential method. Applications of the method to problems 
in elasticity are given by Muskhelishvili (1963) and Mikhlin 
(1965) 
Mindlin (1936) derived a solution which gives the stress 
and di splacement fields due to a point load acting in the 
interior of a homogeneous elastic h a lf-space . This s olution is 
particularly convenient for analysing the pile problem since the 
boundary conditions along the ground surface are automatically 
satisfied. This has led to its widespread use in the analysis 
of piles and pile groups. (Salas and Belzunce, 1965; Thurman 
and D'Appolonia,l965; Nair, 1967; Poulos and Davis, 1968; 
Poulos a nd Mattes, 1969; Poulos, 1968, 1971(a) and (b); 
Mattes and Poulos, 1969; Butterfie ld and Banerjee, 1970, 1971; 
Banerjee, 1970; Banerjee and Driscoll, 1974). An outline of 
the principles involved for vertically and horizontally loade d 
piles is given below. 
2.3.1. Integral equation method for vertically loaded piles 
Consider a set of distributed stress re s ultants acting in 
the soil mas s along the eventual boundary of the pile (Figure 
2 . 3(a)). These stress resultants (eventually shear stresses 
down the pile shaft and normal stresses at the pile base) are 
assumed to be symmetric about the pile axis and are constant ove r 
each segment of the pile-soil interface. The greater the numb e r 
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of these segments - i.e. the tinex the di scretisation of the 
inte rface - the more accurate the final solution will be. 
Makina u se of the Mindlin solution, the vertical displacement 
Cl 
may be calculated at any point in the soil continuum by inte-
gr a ting the effects of all the stress resultants. In particular, 
the di splacement of the mid-point of each pile segment is 
calc ulated (Figure 2.3(c )). 
The pile, at present in free air, may be conside red as 
undergo ing equa l (but oppo s ite) stress re s ultants along its 
boundary, bal a nce d by the applied load Pt (Figure 2.3(b)). From 
elasticity, the shortening of the p i le under this axial loading 
may be calcul a t ed , specifically at the same points as the dis-
placements were calculated in the s oil (Figure 2.3(d)). By 
matching the two displacement fields (for n segmen~ this gives 
n- l equations ) and satisfying overall equilibrium (one more 
equat ion) the n values of the stress resultants may be obtained. 
The fin a l step (Figure 2.3(e)) replaces the soil from within the 
pile - soil boundary with the actual pile . . The success of the 
Dlethod depends on the fact that, if surface tractions are 
applie d round the outline of the pile, a s in Figure 2.3(a), in 
such a manner that the deformation is compatible with that of 
a free-standing pile under equal and opposite tractions, then 
it i s inunaterial whether there is pile or soil inside the shade d 
region of .Figure 2.3(e). 
So far, only vertical stress resultants and displacements 
have been considered since these \vill be the major stresses 
and displacements for a vertically loaded pile. A more rigorous 
analysis (Mattes, 1969i Butterfield and Banerjee, 1970 and 1971) 
must also apply radial stres s resultants to ensure that the 
horizontal displacement field is compatible at the pile-soil 
interface. The contribution to vertical displacements from the 
radial stress resultants and vice versa must also be considered. 
The conclusions from this greater sophistication (see also 
Ba.ne rjee, . 1970) are that the loa d d e format ion charac·teristics of 
the pile are altered by less than 3 % but the distribution of 
shear stress down the pile is affe cted slightly. In general it 
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was considered that the small differences did not merit the 
extra computational effort required for the full rigorous 
solution. 
The integral equation method may equally well be applied 
to the analysis of pile groups. The procedure for a vertically 
loaded pile group is exactly the same, with displacements on 
one pile being calculated from the stress resultants on all 
the piles. Although it is possible to take the stiffness of 
the pile group cap into account, it is usual to assume a 
perfectly rigid (Baner jee and Driscoll, 1974) or fully flexible 
cap. In addition, it is also assumed that the stress result-
ants are still synm1etric abou-t each pile axis (Poulos, 1968; 
Butterfield and Banerjee , 1971). In theory, it wbuld be 
possible to s ub-divide each shaft segment up into sectors so 
that the stress resultants could vary round the pile. However, 
this would considerably increase the number of equations to be 
solved. Ottaviani (1975) has shown from three-dimensional 
finite e lement analyses of pile groups that the shear stress 
distribution round each pile is not synm1etric, but it is not 
clear hOld the assumption ofaxisymmetric shear stresses round 
each piJ_e affects the calculated load deformation behaviour of 
the pile group. The small amount of comparison possible between 
Ottaviani 1 s work and the a na lyses of Poulos and of Butterfield 
and Banerjee, suggests that the displ acements predicted by 
the integral equation method for a 3 x 3 pile group with a 
rigid cap are greater than those predicted by the finite element 
study. However, this evidence is by no means conclusive and 
may merely reflect the general trend that finite element analyses 
tend to under-predict deformations whereas integral equation 
analyses over-predict deformations. 
2.3.2 Integral equation method for horizontally loaded piles 
The approach to horizontally loaded piles is exactly 
analagous to that for vertically loaded piles except that an 
equivalent pile is formed (Poulos, 1971(a), 1971(b), 1972(a)). 
The pile is represented by an infinitely thin strip of width 
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equal to the pile diame ter (Figure 2.4(a)). When considering 
the deformation of the free-standing pile, the bending stiff-
ness is taken as that of the original pile. Normal stress 
intensities are assume d to act on both faces of the strip pile 
and compatibility of the horizontal displacement fields only 
is considered. The somewhat arbitrary idealisation of the pile 
as a thin strip is discussed more fully, with possible alter-
native idea lisations, in subsequent chapters of this thesis. 
It may be seen from Figure 2.4 that the form of discretisation 
of the pile shaft differs from the vertically loaded case in 
that there are n + 1 segments, the top and bottom segments 
being half as long as the intermediate segments. This facili-
tates the evaluation of the displacement field for the fre~­
standing pile where the fourth order bending equation is solved 
by a finite difference technique (Poulos, 1971(a)). 
2.3.3 Integral equation method for raking piles 
The analysis of raking piles by the integral equation 
method is described by Banerjee and Driscoll (1974). Two sets 
of stress resultants are assumed, one parallel to the sides of 
the pile, "and the other normal to the pile. The horizontal 
and vertical components of these stresses are then taken; 
this enables the Mindlin solution to be applied in order to 
produce horizontal and vertical displacement fields. For a 
single raking pile, the horizontal displacements due to vertical 
stress components and vice versa are assumed to be negligible 
(Banerjee and Driscoll, 1974). From the displacement fields, 
axial and transverse displacements are calculated and these 
displacements are compared v.zith those of the free - standing 
pile in order to obtain the solution as previously. When 
designing raking piles, the conclusions of Evangelista and 
Viggiani (1976) are helpful. They found that the axial and 
transverse stiffness of a pile was almost unaffected by angles 
of rake of less than 30°. 
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2.3.4 Scope of the integral equation method 
The Mindlin solution used for pile analys is is only 
applicable to an homogeneous elastic half-space. The effect 
of a rigid base at some finite depth below the pile may be 
analysed by assmning fictitious stress resultants acting at 
the level of the rigid base. The values of the stress result-
ants are adjusted until the displacements at this level are 
zero (Banerjee, 1970; Butterfield and Banerjee , 1971). However, 
the analysis is still restricted to an homogeneous layer, 
although Poulos (1972) has suggested an approximate method of 
all00ing for a non-homogeneous soil. The particular advantage 
of the integral equation method using the Mindlin solution is 
the capability of analysing three-dimensional problems (pile 
groups, horizontally loaded piles, and raking piles) for a 
fraction of the cost of a three-dimensional finite element 
analysis. 
'I'here are other known solutions of an elastic continuwn, 
besides that given by Mindlin. In a recent paper, Banerjee 
(1976) outlines a method based on Kelvin's (1848) solution for 
a point load acting in the interior of an infinite elastic 
continuwtl" which leads to the successful analysis of piles 
embedded in a layered material. Using this method, it is possible 
to analyse, in an approximate manner, the problem of a pile in 
a soil whose stiffness varies with depth by treating the soil 
as a nWTlber of homogeneous layers (Banerjee and Davies, 1977; 
Banerjee and Butterfield, 1977). Stress resultants are distributed 
over each interface between the layers and so the total number 
of equations to be solved is considerably greater than for 
the case of a pile in an homogeneous soil. 
The integral equation method is not restricted to elastic 
analyses since it is possible to represent plastic behaviour 
by stress resultants distributed throughout the soil (Banerj ee , 
1977) although this involves discretising the whole continuwtl. 
The main advantage of the integral equation method over the 
finite element method - namely, discretisation of the boundaries 
only, instead of the whole body - is thus considerably reduced 
-lG~ 
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when dealing with non- linear materials. Even in the case of 
layered mater ials , "the lower surface to volume ratios of each 
homogeneous layer reduce the accuracy and computational attract-
iveness of the method. In the present research, the integral 
equation method is only used to analyse piles embedded in homo -
g e neous soils, where its advantages over the finite element, 
particularly as regards the boundary conditions at large radii 
from the pile axis, are most apparent. 
2.4 LOAD TRANSFER FUNCTION ANALYSIS 
In the two methods of analysis discussed above, the soil 
is treated as a continuum deforming according to stress-strain 
laws as define d by some soil model. The choice of a suitable 
soil model or, in the case of a linear elastic model, suitable 
elastic constants, is difficult and even in-situ soil tests 
such as plate loading or pressuremeter tests cannot be guaranteed 
to produce correct design parame"ters. It would seem that such 
parameters may best be obtained by back-analysing an actual 
pile test which, in theory, subjects the soil to the same stress 
path as the working pile, including the disturbance due to in-
stallation~f the piles. Rather than go to the expense of a 
large number of finite element or integral equation analyses 
in order to obtain basic soil parameters which fit the pile test 
results Ce.g . Cooke and Price, 19731, an empirical approach is 
often adopted to analyse such tests using load transfer 
functions. 
" A load t ransfer function relates the load per unit length 
of pile which is transferred to the soil at any depth down the 
pile, to the displacement of the pile at that depth. As such, 
a load transfer function is not a soil p~operty but instead 
gives the overall effect of the soil continuum as seen by the 
pile at a particular depth and thus the function will depend 
on tbe pile properties and loading conditions as well as the 
soil properties. 
2.4.1 Load trans fer analysis for vertically loaded piles 
The use of load tra nsfer functions for vertically loaded 
piles is outlined by Coyle and Reese (1966). Figure 2.5 gives 
y 
f 
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a schematic diagram showing how such functions may be deduce d 
from an actual pile test. Load cells distributed down the 
pile divide it naturally into a number of segments (Figure 
2.5(a)) and enable the 16ad transferred to the pile by each 
segment to be measured. Thus the unit transfer of load for 
the ith ~egment is given by (referring to Figure 2.5(b)) 
q. = 
1 
P. 1 - p. 
1- 1 
OZ. 
1 
(2.10) 
By direct measurement, or by elastic analysis of the pile shaft 
if the pile stiffness is known, the vertical displacement of 
the pile at any depth may be found. The displacement of the 
ith segment is obtained from 
w. = w -
1 t 
i 
L j=l 
P. oz. 
J J 
(EA) p 
(2.11 ) 
Thus by differentiating the measured loads to get the unit 
load transfer and integrating them to obtain the displacements, 
it is possible to construct a load transfer function for each 
pile segment (Figure 2.5(c)). Once such functions are estab-
lished, the process of designing a pile in a similar soil is 
merely the reverse of the analysis described above. 
2.4.2 Load transfer analysis fox laterally loaded piles 
The derivation of load transfer functions from a laterally 
loaded pile is similar to the vertically loaded case. The 
technique has been described by Matlock and Ripperger (1956) 
and Figure 2.6 shows the method used. In this case, the load 
cells measure the bending moment transferred at each level and 
the load intensity is obtained by a double differentiation of 
the bending moments. Thus, generally ' , the load intensity is 
, given by 
p Cz), = (2.12) 
so that the value of the unit lateral load transferred by the 
ith segment may be obtained from 
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p. = 
1 
/ 
(2.13) 
In the absence of accurate inclinome te r measurements of the 
d e formed sha pe of the pile, the displacement of each pile 
segment mu s t be obtained from the classical bending formula 
y(z) = IT 
o 0 
M (z) 
(Er) p 
dz dz 
Thus the displacement of the ith segment is 
i [j 
Yi = Yt - l L 
j=l k=l [ (El) ] p k 
(2.14) 
(2.15) 
Resulting load transfe r functions (called p-y curves for 
laterally loaded piles) may be plotted for each segment (Figure 
2.6(c)). It should be noted h e re that the method of obtaining 
the load intensity of the ith segment by ' double differentiating 
the recorde d bending moments tends to amplify any experimen'tal 
error and c a ution should be exe rcised when using the derived 
functions [or design of working piles. 
2.4.3 Linea r load transfer function analysis 
With the present availability of the finite element 
me thod, the use of load trans fer functions for vertically loaded 
piles is disappearing. However, in the absence of an economic 
non- linea r analysis for the three-dimensional problem of 
laterally loaded piles , design by p-y curves is still common 
(Reese and Cox, 1969; Gill and Demars, 1970; Reese, Cox 
and Koop, 1974). Since the pile designer is generally only 
concerne d with the pile deformation at working load, a linear 
load transfer function is often assume d. This is similar to 
the concept of subgra d e reaction intrq<'!-.uced by Winkler (1867) 
and the p r obl em of a latera lly loaded vertical pile become s 
analogou s to a vertically loa ded be am on an elastic found a tion. 
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This latter proble~m h as been considered extensive ly by Hetenyi 
(1946) who give s analytic solutions for the case where the 
spring constants are uniform along the b e am. 
The effect of different variations of the coefficient 
of subgrade reaction with depth has been studied by Reese and 
Ma tlock (1956) and they have produced generalise d non-dimensional 
charts for pile design for a linear variation of this coefficient 
(Matlock a nd Reese, 1960). In order to use such charts, it is 
necessary to estimate the coefficient of subgrade reactioni 
various attempts have been made to relate it to the elastic 
modulus of the soil (Terzaghi, 1955; MCClelland and Focht, 1958; 
Broms, 1964(a), 1964(b), 1965). However, it must be emphasised 
that , despite the equivalence of the units, there is a funda-
me ntal difference between these two quantities; the co-
efficient of subgrade reaction is the ratio of a force per unit 
length of pile to a displacement, whereas the elastic modulus 
is the ratio of a stress to a strain. 
In the absence of a direct relationship between these two 
quantities, it is n e cessary to evaluate an equivalent co-
efficient of subgrade reaction for each value of soil stiffness, 
pile-soil stiffness ratio, and type ' of loading, by correlation 
with continuum analyses (Poulos, 1971(a)). Another limitation 
of ~epresenting the soil by an equivalent spring is that no 
information is available from the analysis ~egarding the deform-· 
ation pattern a~ound the pile. Thus, in order to quantify the 
effect of neighbouring piles, empirical interaction factors 
must be obtained, either from tests on actual pile groups, or 
from the results of full continuum analyses (Focht and Koch, 
1973t. 
In conclusion, the computational cOsts of load transfer 
function analysis are lower by an order of magnitude than for 
finite element or integral equation analysis and, as such, the 
method may be used to advantage as a link between the inte~­
pretation of full-scale pile tests and the design of similar 
working piles. However, mo~e gene~al use of the method is 
re s tricted by the difficulty of estimating suitable values of 
the coefficient of subgrade reaction from intrinsic soil properties .. 
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. CHAPTER 3 - DESCRIPTION OF NUMERICAL TECHNIQUES ADOPTED 
3.1 INTRODUCTION 
The methods of analysis discussed in the previous chapter 
have been described in detail by many authors. However, within 
each method, a number of choices must be made concerning the 
nW11erical techniques to be adopted and the degree of sophisti-
cation and versatility required. With the exception of the 
basic finite element package for analysis of two-dimensional 
problems, all the computer programs necessary to carry out the 
various methods of pile analysis were written by the author. 
This chapter outlines briefly the analytic details of each 
method and the validation of each program using known solutions 
of particular problems. 
3.2 TWO-DIMENSIONAL FINITE ELEMENT · PROGRAM 
The basic finite element program was written under con-
tract to the Building Research Station, at the City University, 
under the auspices of Professor V.E.Price (Professor of 
Computing ,Science) . The specifications for the program were 
drawn up by a committee from the Geotechnics Division of the 
Building Research Station headed by Dr.J.B.Burland (Head of 
Geotechnics Division) and including the author. 
The basic . program is capable of analysing problems in 
two dimensions (plane stress, plqne strain, and axial symmet;t:yl 
and uses six-noded isoparametric triangular elements (Figure 3.1). 
These elements give a linear variation of strain across each 
element and this greater sophistication over the more conul10n 
three-noded (constant strain) triangular element allows a 
relatively coarse mesh to be used when discretising a problem. 
Triangular, rather than rectangular, elements were preferred 
because of the ease with which they can model irregularly 
shaped boundaries. The mate;t:ial types are limited to being 
lineq;t: elastic, but may be anisot;t:opic (so called 'transversely 
-21-
isotropic', (Love, 1928; Lekhnitskii, 1963). The five 
independent elastic constants (see Gibson (1974) and Booper 
(1975) for a discussion of transversely isotropic soil models) 
are allowed to vary linearly in any direction in the plane 
perpendicular to the plane of isotropy. This is an important 
feature when analysing problems involving soil. Numerical 
integration is necessary to form the stiffness matrix so 
that the material properties may vary internally across each 
element . A seven point symmetric quadra-ture (Zienkiewicz, 1971 i 
Cook, 1974) is used for this integration (Figure 3.1). 
The global stiffness matrix is stored as a symmetric 
banded matrix, the semi - bandwidth (defined as 2(~ax - ~in + 1), 
where ~ax and ~in are the maximum and minimum node nwnbers 
in anyone element) being restricted to 100. The problem size 
is at present restricted to 1,000 nodes and 500 elements, 
which has proved more than adequate for all problems encountered 
so far. The solution routine is a standard Gaussian elimin-
ation with single pivot. This is superior to an iterative 
method of solution where restriction in stiffness ratio between 
adjacent elements is necessary if unacceptable rounding 
errors are to be avoided (Booper, 1974). If necessary, the 
limitations of size and bandwidth could be raised since the 
program runs well within the capacity of the ICL 1904S computer 
installation at the Building Research Station. A typical 
analysis for a vertically loaded pile requires some 55 k words 
of storage (24 bit words) and takes just under 200 seconds 
of mill time. 
3.2.1 Validation of two-dimensional finite elemen-t program 
The finite element program and accompanying graph 
plotting routines were untested at the start of the present 
research in October 1975 and so some simple problems with 
known analytiC solutions were analysed to check the program. 
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(i) Bending of a cantilever by a uniformly distributed load 
The three-noded triangular element is notoriously poor 
for the analysis of bending problems (e.g. Simpson, 1973), 
so the analysis of a uniformly loaded cantilever is a good 
test case for the more sophisticated six-noded triangles. 
The cantilever and element mesh are shown in Figure 3.2. and 
. 
an analytic solution was obtained using an Airy stress function 
in the form of a fifth order polynominal: 
The corresponding stress distributions are: 
__ d 2 CP __ 3 o jqv (t - X)2 + qy-
x ~- W lOo ( 5y2) 3 - -V-
=_5lY (3 -~ ) 40 0 
= a2 cp __ 19 ( _ y2 ) lxy aXdY - 40 1 67 (t - x) 
These str~ss distributions match the boundary conditions of 
Figure 3.2 (note that, at x =~,0 t-O 
x 
and lead to the following displacement fields: 
u = ifu <I [2 ~ , (3t' x - 3t_x' + x 3 ) 
v = .=.sL [f . ( 6 -2Eo F ) + \!y2 ( 3 
(2 + \!) 
2 
4P (t - x) 2 + 
3 y2 ) 
10 40"7 
+ 
x 2 
( X 2. - 4x~ + 6~ 2) - 3x 2 ( i + \! ) + xt ( 2 + ~v ) ] f38L "4 
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(3.1 ) 
( 3 .2 ) 
( 3 • 3) 
(3.4) 
dy - 0) 
(3.5) 
( 3 • 6 ) 
d 
where the centre line deflection is given by the second half 
of equation (3.6). (Elementary bending theory gives 
~ V = nEO (X2 - 4x~ + 6~. 2).) Table 3.1 gives a comparison 
between the analytic and finite element results for the stresses 
and displacements. Good agreement may be observed, with cor-
responding values of di sp l acements and stresses ° differing 
x 
by less than 0.3%. Some of the other nodal stresses are more 
scattered but it was found that stresses at the centroids of 
the elements were all within 10% of the analytic values. 
(ii) Point loading of a disc 
To investigate the accuracy of the stresses calculated 
in the vicinity of a point load, the problem of a disc loaded 
by equal and opposite point loads (more accurately line loads 
since the disc is of finite thickness ) was analysed. The disc 
and mesh u sed is shown in Figure 3.3. An analytic solution 
to the problem was obtained by superimposing two Flamant 
solutions (Timoshenko and Goodier, 1970) where the stresses 
2P cose 
are given by ° = - --
r 1T r 
0e = L
re 
= 0, together with a 
uniform tension of or = CJe 
(xo ' - y 0) 
= .~~. For vertical loads applied 
at (x , y ) and 
o 0 
on the disc boundary, the following 
vertica1, horizontal, and shear 
P [/3 - 2 ( XlYl 
° 
= X 1T 2R r I 4 
° 
= 
.I'[/3_ 2 ( Yl 3 + 
Y 1T 2R r 1 4 
2P [ X,y, 2 + L = ~ xy 1T rl I1 r 24 
where Xl = X - x, 
o 
and r2 2 = X,2 + 2 
-' <';i:2. 
YI = Yo - y, 
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stresses result: 
+ 
2 
xfY2 ) 
rz 4 J 
~ ) ] r2 4 
] 
Y2- Y + y, o 
(3.7) 
(3.8) 
(3.9) 
2 + Yl , 
I 
\ . 
Table 3.2 shows a comparison of the principal stresses 
and angl e s obtained from the finite element analysis and from 
equations (3.7) to (3 .9) for points between the two loads. 
The stresses are in good agreement - even quite close to the 
point of application of the load. Elsewhere in the disc, the 
stresses at the centroids of the elements were within 5% of 
the analytical values. 
(iii) Thick cylinder under pressure 
The final test case was the simple axi.symmetric problem 
of a thick-walled cylinder under internal pressure. The 
cylinder is shown with the coarse mesh used for the finite 
element analysis in Figure 3.4. Assuming plane strain expansion, 
expressions for the radial displacements and radial and circum-
ferential stresses are given by (Timoshenko and Goodier, 1970): · 
r g ·-2 (1 + \») [1 2\) + b
2 ] U -- - ? E b -a (3 . 10) 
aLE ( 1 b L ) ° == b Z a 2 - ? r - (3.11) 
a 2 p ( b
2
) °8 == b L ----a:z- 1 + i2 (3.12) 
Table 3.3 gives some comparisons between the finite 
element and analytical solutions and it may be seen that 
reasonable agreement is obtained, in spite of the coarseness 
of the element mesh. 
3.2.2 Axisymmetric analysis of single piles by the finite 
element method 
The results of the preceeding section demonstrated the 
correctness of the finite element formulation and shmled that 
accurate results may be obtained with- a relatively coarse 
discretisation of the continuum using six-noded triangular 
elements. ~tVhen using the finite element method as a research 
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tool to conduct a parametric study of piles and the manner 
in which they transfer load to the soil, it is helpful if 
the same element mesh is used throughout to avoid any variation 
in the results due to changes in the mesh structure. The 
mesh must be fine enough to permit careful study of the region 
of interest near the pile and yet the mesh boundaries must be 
far enough away not to influence the pile behaviour. Since 
the nodal ba ndwidth is limited, these objectives are, to some 
extent, conflicting and a compromise must be reached. 
Figure 3.5 shows the element mesh adopted for the pile 
analyses. It is acknowledged that the fixed base is close 
enough to the pile to cause some increase in stiffness of the 
pile-soil system, but Banerjee (1970) has shown that this will 
be less than 5% in the worst case of an underreamed pile, for 
the particular value of h/1 = 2.5. Similarly, the radial 
boundary is close enough for the fixing conditions to affect 
the pile behaviour. However, from comparisons with integral 
equation analyses it was found that fixing the radial boundary 
nodes solely in the radial direction, gave the best agreement 
for most pile lengths. For longer piles (~/r ~ 80) the mean 
o 
of the pile displacements for totally free and totally fixed 
boundary nodes were taken. The fine bands of elements close 
to the pile enable softened zones to be incorporated to simu-
late the effect of pile installation, and the horizontal banded 
structure of the elements enables the effect of different layers 
of soil to be studied. 
Tests have been carried out on the suitability of the 
mesh by comparing the calculated result.s with those obtained 
by Frank (1 975 ). He used a finite element program based on a 
similar element and a mesh with 1430 nodes and 660 elements. 
The mesh shown in Figure 3.5 has only 580 nodes and 267 elements 
(thus needing only 10-15% of the computer time used by Frank) 
and yet comparison of shear stresses down the pile and dis-
placements in the soi l mass shows indistinguishable results 
(within ~ 2%} between the two analyse~. Additional verification 
of the mesh was obtained (see Chapter 4 and Appendix A) from a 
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test problem consisting of a thick 'plate' of soil of depth equal 
to the length of the pile and reinforced by the pile at the centre. 
Analytic solutions for two differe nt loading conditions show 
that the finite element analysis gave predicted displacements 
o£ the pile accurate to within 1%. 
3.3 FINITE ELEMENT PROGRAM FOR ANALYSIS OF PILES UNDER 
GENERAL LOADING 
The finite element program for ·the analysis of an axi-
symlnetric solid under arbitrary loading was based on the two-
dimensional finite element program discussed above. The only 
radical changes necessary were in the subroutines forming the 
element stiffness matrices. Since all six components of strain 
must be t~ken into consideration, and each of the six nodes of 
an element has three degrees of freedom, the matrix [B] giving 
the strain field in terms of the nodal displacements is a 6 x 18 
matrix containing t.erms all of which are multiples of cos(n8) 
or sin (n8). Following Zienkiewicz (1971) " the element stiffness 
matrix is best evaluated by splitting the matrix [B] into two 
pa.rts [B.d and [B 2 J (bot.h 6 x 18 matrices) such that 
[BJ = [Bd cos(n8) + [Bd sin(n8) 
The matrices [BlJ and [B2J are now independent of G and so; 
using the result r;os 2 (n~) d8 - r:in 2 (n 8 ) d8 · ~ n (n '" 0), the 
o 0 
element stiffness matrix may then be evaluated as 
[kJ = nJJ [B,l T [DJ [B 1 J dA + nJJrB21T [DJ [B2J dA 
'---. 
for n = 1, 2, 3 etc. and 
(3.13) 
(3.14) 
[k] = 2n fJrB'1 T [DJ [Bl] dA . (3.15) 
A 
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for n = 0, where [DJ is the 6 x 6 matrix giving the six stress 
components in terms of the strain components. Integ-ration over 
the element area A is carried out, as before, using the symmetric 
seven-point quadrature shown in Figure 3.1. 
The increase in the number of degrees of freedom entails 
a reduction in the size of problem which may be tackled without 
increasing the core storage requirements of the program. In 
particular, the bandwidth, which is normally the overriding 
limitation in this type of finite element program, is now equal 
to 3 (if1ax - if1in + 1) . . Thus, for the same bandwidth restriction 
. .max . .min. 
of 100, N - N lS now limited to 32. For this reason, a 
coarser element mesh (273 nodes, 122 elements) had to be used for 
the analysis of horizontally loaded piles. This mesh did not 
permit such close examination of the load transfer process clo s e 
to the pile, but it was checked against the f iner mesh . and 
gave similar displacements for a vertically loaded pile (within 
'V 2%). 
In order to check the modified finite element program, 
two test problems were considered: 
(i) Cylindrical cantilever 
A solid cylindrical cantilever with length to radius ratio 
of 20 was subjected to end loading of a force Ph and a moment Ma· 
An element mesh of 71 nodes and 26 elements was used for the 
finite element analys is, as shown in Figure 3.6(a). The trans-
verse displacements (calculated from elementary theory of 
bending) and the theoretical bending moment distribution are 
compared with the results from the finite element analysis in 
Figure 3.7. Accuracies of within 1 % were generally obtained. 
(ii) Rigid punch on elastic half -space 
The cantile ver problem above was designed to test the 
ability of the finite element method to mode l the bending of a 
pile. Similarly, to test the modelling of an eiastic continuLUTI 
under asymmetric loading conditions, a rigid punch on the surface 
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of an elastic half-space was analysed under four different 
loading conditions (Figure 3 .6 (b)). An element mesh of 226 
nodes and 99 elements was u sed for the finite element analysis, 
with fixed boundaries at a depth and radius of 50 r where r 
o 0 
is the radius of the punch. Analytic solutions are available 
for the deformation of the punch under the various forms of 
loading (Poulos and Davis, 1972) and these are compared with 
the finite element re s ults in Table 3.4. As might be expected, 
the angular deformations are less accurate than the displacements, 
but, in general, accuracies of the order of 10% are achieved. 
The results of the two test problems confirm the correct-
ness of the finite element formulation and indicate that analysis 
of a horizontally loaded pile, which is to some extent a combin-
ation of the two problems, should yield pile displacements of 
accuracy well within 10% and bending moment distributions down 
the pile within 2-3 %. 
3.4 PROGRAM FOR INTEGRAL EQUATION ANALYSIS OF VERTICALLY 
LOADED PILES 
The basis of the integral equation method of analysis has 
been outlined in the previous chapter. A brief description 
of some of the computational details will be given here. The 
main part of the program is the evaluation of the soil stiffness 
matrix [F.l] relating the displacements at points on the eventual 
pile~soil interface to the stress resultants acting over the 
interface. The matrix equation may be written as 
w = (3.16) 
where w is the vector of n displacements and ~ is the vector 
of n stress resultants on the pile shaft and base. Each term 
in [F1J may be evaluated as: 
Fl 
=Jf kv er i' z. , a. , c.) dA ij 1- J J (3.17) 
A. 
J 
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where, for a unit point load applied at (a, c), the displacement 
at (r, z) is given by the kernel (after Mindlin) of: 
k (r, c) 1 [3-4V + ~ + 5-12\) + 8\)2 z, a, = 
v l6n G(l-\)) Rl RI R2 
(3-4\))Z2 2 - 2cz 6cz 2 
J + + 
Z2 (3.18) 
R2 3 R2 5 
where Rl 2 = r2 + 2 R2 2 -2 2 + Z 1 = r + Z2 Z 1 = Z - c; Z2 = Z c; 
-
r is the horizontal distance between the load and field point. 
As the kernel is singular, special care must be taken during 
ttie integration in equation (3.17) near the coincidence of the 
field and load point (i.e. where r = 0 and z = c). 
In the author's program, the non-singular integration 
for the off-diagonal terms of [F1J, was carrie~out analytically 
in the vertical direction (shaft segments) or radial direction 
(base s egments) in the manner of Poulos and Davis (1968). The 
circumferential integration was evaluated using Simpson's rule 
with an angular step size of n/SO radians. The singular terms, 
on the leading diagonal of [F~J, were evaluated with a much finer 
step length in the vicinity of the singularity and excluding 
a square region of side 0.0001 times the pile radius. An 
essential feature of the method is the gradual reduction of the 
step length near the singularity until it is the same size as 
the region of exclusion. Further reduction in size of the region 
of exclusion made no difference to results calculated by the 
program. 
For a rigid pile, equation (3.16) may be solved, putting 
w equal to unity (for unit head displacement). The total load 
on the pile may then be obtained by summing the contributions 
of each of the stress resultants~. For a compressible pile, 
the values of ware not all equal and the vertical strain in 
the pile must be calculated from 
dw 
dz = 
.,.p Cz 1 
{EA) p 
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where Poisson's ratio effects have been ignored and (EA) is p 
the cross- sectional stiffness of the pile. This equation may 
be written in finite difference form as 
= 
-p, 
1 
(EA) p 
( 3 .20) 
but a more accurate method of incorporating equation (3.19) into 
the solution is to use the finite integral technique (Brown 
and Trahair, 1967) and write 
o 
z, 
1 
p (z) 
(EA) p 
dz (3.21) 
Since the force transmitted through the pile is known exactly 
in terms of the stress resultants acting along the pile surface, 
this integration may be performed and an equation written in 
matrix form 
(3.22) 
For unit pile head displacement, w is equal to unity and 
~o 
equations (3.16) and (3.22) enable a solution to be obtained. 
Again, the total pile load may be obtained by summing the con-
tributions from the stress resultants. 
Rounding errors in the solution are usually small since 
the singular nature of the kernel ensures that the terms in the 
leading diagonal of [F I ] are about three times the size of the 
other terms. The stability of the solution only breaks down for 
very long compressible 
unstable for values of 
piles. 
(~/ro) 2 
E /G 
P 
The method starts to become 
lE is the Young's modulus of p 
the pile, ~/r is the slenderness ratio of the pile, G is the 
o 
shear modulus of the soil) greater than about twenty. As will 
be seen in the following chapter, most piles encountered in 
practice fall well within the stable realm of the method. 
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Following the conclusions of Mattes (1969) and Banerjee 
(1970), no a ccount has been taken of lateral displacement 
compatibility. The ~rrors involved will be small and may be 
partly compensated for by a finer discretisation of the pile-
soil interface. In the results quoted in the following chapter, 
the pile shaft has been divided into fifteen shaft segments and 
the pile base into five segments. This gave pile displacements 
about 2~% lower than solutions with seven shaft and three base 
segments. Assuming that a finer discretisation provides a more 
accurate solution, the implication of this , trend in pile displace-
ments is that the integral equation method tends to overpredict 
displacements. This is in direct contrast to the finite element 
method which underpredicts displacements. 
Two refinements to the solution of a vertically loaded 
pile in an elastic half-space have been incorporated. Firstly, 
the effect of local slipping of the pile shaft relative to the 
soil has bee n allowed for by reducing the calculated stress 
resultant to the assumed ultimate shear resistance and then re-
solving the set of equations to give a redistributed load. 
Implicit in 'this method is the assumption that local failure of 
the shaft adhesion does not affect the stress distributions in 
the soil continuum. In theory, by limiting the permissible 
normal stress on the pile base in a similar manner, it is possible 
to construct a complete load-settlement curve for a pile. The 
justification and relevance of such an approaQh is discussed in 
subsequent chapters. 
The second refinement allows for a rigid base to the elastic 
. stratum. This is modelled J::y pos,tulating additional , fictitious, 
stress resultants acting on adjacent annuli of the rigid base 
and adjusting these (and, consequently, the stress resultants 
acting round the pile) until the vertical deflection of each 
annulus mid- point is zero. The program divides the rigid base 
into twenty annuli of equal thickness extending to a radius of 
fifty times the pile radius. This technique of allowing for a 
rigid base is of particular importance when comparing the results 
ot inte~ral equation analyses with equivalent finite element 
analyses where a fixed base at a depth of 2.5 times the length of 
the pile is a feature of the element mesh. 
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The two refinements above have been di scussed by 
Poulos and Davis (1968), Mattes and Poulos (1969), Poulos and 
Mattes (1969), Banerjee (1970), Butterfield and Banerjee (1971). 
3.4.1 Validation of integral equation analyses for vertically 
loaded piles 
The integration procedures for the pile base segments 
(the procedures for the pile shaft segments are directly analogous) 
were checked by analysing the case of a degenerate pile of zero 
shaft length. The calculated deflection and the mean stress 
level on each of the base annuli agreed to within 1% of the 
Boussinesq solution for a rigid punch on the surface of an 
elastic h a lf - space. Extensive checks have also been made, for 
full pile analyses, against the published results of Butterfie ld 
and Baner j ee and of Poulos et al. 
Since two different numerical techniques are to be used 
for investigating the load transfer behaviour 6f piles, it is 
important to establish consistency between the two methods. 
The finite element analyses of Frank (1975) mentioned in section 
3.2.2 were for piles of slenderness ratio ~/r of 20 and 
o 
relative stiffness E lE of 1,000. His measured value of the 
~ p s 
load-settleme nt ratio (non- dimensionalised by the soil shear 
modulus and pile radius) waS p~(Gsrowt) = 43.5. The author's 
finite element program gave a load-settlement ratio of 42.8 
and an equivalent integral equation solution (with a rigid base 
at a depth of 2.5 ~) a ratio of 43.1, thereby providing very 
good agreement. A similar comparison for a pile with ~/r = 40 
o 
gave load-settlement ratios of 72.5 from the finite element 
analyses and 69.7 from the integral equation analysis. The 
calculated shear stress distribution down the pile shaft is 
similar in both methods as may be seen from Figure 3.8. 
3.5 PROGRAM FOR INTEGRAL EQUATION ANALYSES OF HORIZONTALLY · · 
LOADED PILES 
The computational details of the integral equation analysis 
of horizontally loaded piles are similar in many respects to 
those for vertically loaded piles, given in section 3.4. The 
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(n+l) di sp l a_cements u at the pile - soil interface are related 
to the (n+l) stress resultants T by means of a stiffness matrix 
[s 1 ] : 
u = [sd T (3.23) 
The kerne l, due to Mindlin, which must be integrated to give 
the individual terms of [SlJ is given, for a horizontal load, by 
2cz +~ 
4 (l-v) (1-2v) 
Rz+z+c 
where the symbols are defined in equation (3.18) except for x 
which is the horizontal distance in the direction of the load, 
between load and field point. 
(3.2 4 ) 
For the normal idealisation of the pile (Poulos, 1971(a)), 
the in-teg ra-tion is performed over the n+l elements of the strip 
pile (Figure 2.4). Integration in the vertical direction is 
carried out analytically and each strip is divided into 48 seg-
ments for integration across the strip using Simpson's rule. 
The singularities are treated as before by taking a small region 
of exclus ion round the coincide nce of field and load point. In 
this method, all the stress resultants are normal to the ideal-
ised 'pile' and no account is taken of shear stresses on the 
sides of the actual pile (or on the base of the pile although 
tt is unlikely that base shear stresses would contribute a sig-
nificant effect except for very short piles). There is no 
a priori reason why the pile need be idealised as a thin strip 
and an alternative idealisation (ignoring , for the moment, box 
and H piles) would be to retain the cylindrical shape of the 
pile and asswue that the stress resultant is constant around 
each s egment (see Figure 3.9). This idealisation is identical 
to that for vertically loaded piles, with the important differ--
ence that, for laterally loaded piles, the stress resultant 
would vary from being a shear stress at the sides of the pile 
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(e.g . point A, Figure 3 . 9(c)) to a nor ma l stress at the front 
or back o f the pile (point B, Figure 3.9(c)). Figure 3.10 
shows di a_granunatically what is meant by a stres s resultant in 
this context. 
In orde r to retain the singular nature of the kernel, the 
displacern e nts must b e calculated On the pile- soil interface. 
Either point A or B (Figure 3.9(c)) would be adequate for cal -
culating the displaceme nts u due to the stress resultants ~. 
In practice, both points gave very similar (within 1%) results 
for the d e formation and stres s distribution down a laterally 
loaded pile and so it was decided, arbitrarily, to calculate 
the displacements at point B when this form of pile idealisation 
was adopte d. Justification for idealising the pile as a cylinder 
or as a strip is di s cussed more fully in relation to results 
from finite element analyses in 0hapter 6. 
Having obtained the soil stiffness matrix [SIJ, the 
bending of t he free standing pile unde r the action of the stress 
resultants mus t now be modelled using the fourth order equation 
from element theory of bending. 
== 
~ (El) (3.25) p 
where (El) is the bending stiffness of the pile and p(z) is 
. p 
the loading intensity down the pile (equal to the stress result-
ant time s the pile perimeter). As in the case of vertically 
loaded piles, since the loading intensity is known down the 
length of the pile, a finite integral rather than finite 
difference technique is used where the loading intensity is 
integrated four time s to obtain the displacements u. The 
solution is complicated by the fact that the boundary conditions 
are all in terms of the loading conditions at the ends of the 
pile. At the base of the pile it is assumed that the moment 
and shear force are zero; thus (~~) . == (~: ~1) == O. 
dz z=1 z=t 
At the h e ad of the pile, the applied force and moment lead to 
boundary condi·tions of the form 
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= (3.26) ( d
2U) 
dz 2 = 
(Socketed or fixed head piles where the applied moment is 
unknown may be treated as a special case by applying a unit 
moment and then factoring the solution to give zero rotation 
of the pile head.) 
Equation (3 .26 ) enables the constants of integration 
from the first two integrations of equation (3.25) to be found. 
Applying the boundary conditions at the base of the pile now 
yields values of the load intensities on the last two pile 
segments in terms of the other n-l in-tensities. At this s-tage 
there are thus n-l independent unknowns. In the final integrated 
form of equation (3.25), two more constants of integration are 
- - th th present and these become the nand n+l unknowns_. After re-
arrangement, the set of n+l equations may be written as 
(3. 27 ) 
where [S2J is an (n+l ) x (n+l) matrix, p is a vector of the top 
n-l load intensities, C3 and C4 are the unknown constants of 
integration (equal to the rotation and deflection at the top of 
the pile) and R is a vector of n+l elements which contains the 
effect of the applied loads. 
This method of solution may appear to be more complicated 
than the finite difference method; however, much simplication 
is possible if a flexibility approach is adopted where the 
deflection and rotation of the pile head are defined and the 
loading subsequently calculated from equation (3.26), since this 
enables the four constants of integration to be found directlv. 
In general, the finite integral technique is superior to the 
finite difference technique for this type of problem where the 
integration of the unknown load intensities may be performed 
exactly. In addition, the technique does not require exterior 
nodes to be introduced at the ends of the pile. 
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Because of the idealisation of a horizontally loaded pile 
in the integral equation analysis, comparison with the results 
of finite eleme nt analyses does not provide a check for the 
method. Rather, such comparison provides an assessment of the 
different idealisations of the pile and this is discussed in 
detail in Chapter 6. The modelling of the pile bending may be 
checked against analytic solutions for a pile in a Winkler type 
of med:L1.UTI (see following section) and confirmation of the overall 
method has been obtained by comparison with the published results 
of Poulos (1971(a)). In addition, comparison with the tabulated 
result~ of Evangelista and Viggiani (1976) yields agreement 
in the calculated deflection and rotation of the pile head to 
within 1%. Results discussed in subsequent chapters were obtained 
by dividing the pile up into twenty-one segments. 
3.6 ANALYSIS OF HORIZONTALLY LOADED PILES USING COEFFICIENT 
OF SUBGRADE REACTION 
The analysis of a horizontally loaded pile by idealising 
the soil as a vHnkler meditUTI, characterised by a coefficient 
of subgrade reaction, may be regarded as a special case of the 
approach used in the integral equation analysis, in that the 
method of modelling the bending of the pile is identical to that 
outlined in the previous section. However, the soil stiffness 
matrix in place of [s~J (equation(3.23)) is now a matrix with 
zeros everywhere apart from the leading diagonal, where the 
values are given by the coefficient of subgrade reaction at 
the level of the node under consideration. In the author's 
program, the coefficient of subgrade reaction is allowed to vary 
lin~arly with depth. 
The program has been checked against the analytic solutions 
of Hetenyi (1946) for the case of a coefficient of subgrade 
reaction which is constant with depth. Agreement in the deflect-
ions and bending moment distribution down the pile between the 
nt®ericaland analytic solutions is better than 1% provided that 
the 'active' part of the pile (i.e. that which deflects 
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Because of the idealisation of a horizontally loaded pile 
in the integral equation analysis, comparison with the results 
of finite eleme nt analyses does not provide a check for the 
method. Rather, such comparison provides an assessment of the 
different idea lisations of the pile and this is discussed in 
detail in Chapter 6. The modelling of the pile bending may be 
checked against analytic solutions for a pile in a Winkler type 
of mediL.UTI (see following section) and confirmation of the overall 
method has been obtained by compari s on with the published results 
of Poulos (1971 (a)). In addition, comparison with the tabula·ted 
results of Evangelista and Viggiani (1976) yields agreement 
in the calculated deflection and rotation of the pile head to 
within 1%. Results discussed in subsequent chapters were obtained 
by dividing the pile up into twenty-one segments. 
3.6 ANALYSIS OF HORIZONTALLY LOADED PILES USING COEFFICIENT 
OF SUBGRADE REACTION 
The analysis of a horizontally loaded pile by idealising 
the soil as a Winkler medilUn, characterised by a coefficient 
of subgrade reaction, may be regarded as a special case of the 
approach used in the integral equation analysis, in that the 
method of modelling the bending of the pile is identical to that 
outlined in the previous section. However, the soil stiffness 
matrix in place of [S~J (equation(3.23)) is now a matrix with 
zeros everywhere apart from the leading diagonal, where the 
values are given by the coefficient of subgrade reaction at 
the level of the node under consideration. In the author's 
program, the coefficient of subgrade reaction is allowed to vary 
lin~arly with depth. 
The program has been checked against the analytic solutions 
of Hetenyi (1946) for the case of a coefficient of subgrade 
reaction which is constant with depth. Agreement in the deflect-
ions and bending moment distribution down the pile between the 
nlunericaland analytic solutions is better than 1% provided that 
the 'active' part of the pile (i.e. that which deflects 
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appreciably) is divided into at least ten segments. This 
provides good valida t ion of the finite integral technique used 
to model the pile bending not orily for this Winkler type of 
analysis but also for the integral equation analysis. 
3.7 SUMMARY 
The analytical techniques which have been presented in 
this chapter provide the means with which to make a critical 
assessment of the methods of calculating pile deformations. No 
attempt has bee n made to develop new sophisticated computer 
programs; standard numerical techniques, restricted to elastic 
models of soil behaviour, will be used in subsequent chapters 
to develop an understanding of the load transfer mechanism 
of piles. At the same time, the computer programs have been 
rigorously checked in order to set limits on their accuracy and 
to ensure that they are consistent amongst themselves. 
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appreciably) is divided into at least ten segments. This 
provides good validation of the finite integral technique used 
to model the pile b e nding not only for this Winkler type of 
analysis but also for the integral equation analysis. 
3.7 SUMMARY 
The analytical t e chniques which have been presented in 
this chapter provide the means with which to make a critical 
assessment of the methods of c a lculating pile deformations. No 
attempt has b een made to develop new sophisticated computer 
programs; standard numerical t e chniques, restricted to elastic 
mod e ls of soil behaviour, will be used in subsequent chapters 
to develop an understanding of the load transfer mechanism 
of piles. At the same time, the computer programs have been 
rigorously checked in order to set limits on their accuracy and 
to ensure that they are consistent amongst themselves. 
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CHAPTER 4 - A FUNDAMENTAL APPROACH TO THE ANALYSIS OF 
VERTICALLY LOADED PILES 
4.1 INTRODUCTION 
It has already been noted that, although a finite element 
or integral equation analysis enables displacements and stress 
distributions to be calculated for a specific problem, this 
type of analysis gives little insight into the behaviour of 
the pile-soil system. In order to develop such insight, the 
transfer of load from the different parts of a pile must be 
studied in detail with a view to obtaining a simple semi-
analytical model which may be used to estimate pile deformation. 
Development of such a model will lead to an improved under-
standing of the load transfer mechanism of piles and enable 
quantitative estimates to be made of the effect of non-homo-
geneities or non-linearity in the behaviour of the ground 
occurring at any particular site. 
In this chapter, the deformation of a single vertically 
loaded pile will be studied by considering the transfer of 
load from the pile shaft and pile base separately. An approxi-
mate closed form solution is developed for the settlement of 
a pile under a given load and this solution is checked using 
the numerical techniques discussed in the previous chap-ters. 
The resulting equations represent a flexible design aid whereby 
rapid estimates of pile deformation may be made without 
recourse -to a computer. Moreover, the analysis indicates the 
relevant soil parameters which need to be measured and demon-
strates the manner in which local softening near the pile or 
the effect of a weak stratum of soil at some depth down the 
pile may be taken into account. 
4.2 DIMENSIONAL ANALYSIS 
Any analytical solution for the deformation of a pile 
must be applicable over a wide range of pile aspect ratios and 
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distributions to be calculated for a specific problem, this 
type of analysis gives little insight into the behaviour of 
the pile-soil system. In order to develop such insight, the 
transfer of load from the different parts of a pile must be 
studied in detail with a view to obtaining a simple semi-
analytical model which may be used to estimate pile deformation. 
Development of such a model will lead to an improved under-
standing of the load transfer mechanism of piles and enable 
quantitative estimates to be made of the effect of non- homo-
geneities or non- linearity in the behaviour of the ground 
occurring at any particular site. 
In this chapter, the deformation of a single vertically 
loaded pile will be studied by considering the transfer of 
- load from the pile shaft and pile base separately. An approxi-
mate close~ form solution is developed for the settlement of 
a pile under a given load and this solution is checked using 
the numerical techniques discussed in the previous chapters. 
The resulting equations represent a flexible design aid whereby 
rapid estimates of pile deformation may be made without 
recourse -to a computer. Moreover, the analysis indicates the 
relevan-t soil parameters which need to be measured and demon-
strates the manner in which local softening near the pile or 
the effect of a weak stratum of soil at some depth down the 
pile may be taken into account. 
4.2 DIMENSIONAL ANALYSIS 
Any analytical solution for the deformation of a pile 
must be applicable over a wide range of pile aspect ratios and 
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soil stiffnesses. It is helpful to form dimensionless groups 
of the relevant parameters, rather than investigate how the 
solution is affected by variations of each individual pile 
or soil parameter. The bas ic v a riables in the pile-soil 
system considered to be relevant are as follows: -
w settlement of the pile; 
P applied load; 
~ length of the pile; 
ro radius of the pile shaft, preferred to the 
dia~meter since other horizontal distances will 
be measured from the centre- line of the pile; 
E Young's modulus of the pile; p 
G shear modulus of the soil, preferred to Young's 
modulus E, since the soil deforms primarily in 
shear, and also because the shear modulus is 
usually assumed to be unaffec·ted by whether the 
loading is drained or undrained; 
v Poisson's ratio of the soil. 
Note that the Poisson's ratio of the pile is ignored, as it 
has an insignificant effect on the load-settlement behaviour. 
In general, the settlement of the pile may be written as a 
function of the other six variables: 
w f-1 (P ( ~, r , E , G, v) 
o P 
The dimensions of the various terms in this equation are: 
(4 .1) 
(4 • 2 ) 
Following the technique of dimensiDnal analysis, there are 
two indepe nde nt dimensions, [L] and [MT- 2], which will lead 
to five dime nsionle s s groups. Using ro to eliminate [L] 
and G to e liminate [MT ,,", 2] gives; 
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-E 
G 
Since the settlement will be proportional to the load, the 
groups containing wand P may be combined to give: 
G r w 
o 
P 
where A == E /G. 
P 
== fd9-/r , A, \!) 
o 
(4 • 3 ) 
( 4 .4) 
In the subsequent analysis an attempt is made to find 
the form of the function in this equation. For convenience 
the results will be expressed in terms of the inverse of the 
left hand side, i.e.P/(G r w), which will be referred to as 
o 
the load-settlement ratio. The dimensionless groups 9-/r
o 
and 
A will be referred to as the slenderness ratio and the stiffness 
r a tio respectively. 
4.3 ANALYSIS OF PILE BY SEPARATION OF LOADS CARRIED BY 
SHAFT AND BASE 
The approach to the analysis of a pile is illustrated 
in Figure 4.1(a), where the soil has been divided into an 
upper and a lower layer by a horizontal plane AB, at the level 
of the base of the pile. It is assumed initially that the 
upper layer of soil will be deformed exclusively by the load 
shed by the pile shaft and the lower layer of soil will be 
deformed exclusively by the pile base load. Figure 4.l(b) 
shows the separate deformation patterns anticipated; the plane 
AB has been 'exploded' to A1BJ and A2B2. The deformation 
patterns along A1BJ and A2B2 will not be compatible and this 
will lead to some interaction between the upper and lower soil 
layers. It is emphasised that this simplified approach to 
pile analysis will not yield an exact solution to the problem. 
However, the acceptability of the above assumption and any 
subsequent assumption may be checked with the aid of finite 
element and integral equation analyses. By ensuring that the 
essential features of the problem are modelled correctly a 
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solution s a tisfactory for engine ering purposes may be obtained. 
Thris, in the present instance , the separate deformation 
patter ns along AIBl and A2B2 will be matched at the pile base 
and also at large radii. 
4.3.1 Interaction of pile shaft with upper layer of soil. 
Since the analysis will be developed for a pile in a 
linear elastic soil, the effect of the installation of the 
pile may be ignored at this point. Also, only increments of 
stress due to loading of the pile will be of concern. For 
piles with slenderness ratio (l/r
o
) of 20 or more, the stress 
changes in the soil caused by load transfer at the pile base 
may be uncoupled from those caused by load transfer down the 
pile shaft in the manner described above. 
The main mode of deformation of the pile shaft will be 
shearing of concentric cylinders (Figure 4.2(a)) as postulated 
by Cooke (1974) and Frank (1975). Consideration of vertical 
equilibrium of an element of soil (Figure 4.2(b)) yields 
= o 
where T is the shear stress increment 
cr is the vertical total stress increment (taking 
z 
compressive stresses as positive) . 
(4.5) 
When the pile is loaded, the increase in shear stress, T, 
in the vicinity of the pile shaft, will be much greater than 
the increase in vertical stress, 
may be approximated to become 
cr , 
z 
and thus equation 
~ 0 
Writing the shear stress at the pile shaft (r = r 1 
o 
equation ( 4.6 ) may be integrated to give: 
'------
T r 
o 0 
T = 
r 
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(4.5) 
(4.6) 
(4.7) 
The shear strain (reduction in angle taken as positive) is 
given by: 
TdU dW 
Y :::: G :::: az + or (4 • 8) 
where u is the radial and w is the vertical displacement of 
the soil. 
The primary displacement will be vertical and thus, 
ignoring ~~ , integration leads to: 
00 
T r 
f 
dr o 0 
w ~ 
s G r 
r 
0 
where w is the settlement of the pile shaft. 
s 
( 4 . 9 ) 
This expression for w implies infinite settlement of 
s 
the pile, which is clearly unacceptable. The normal assumption 
is that there is some magical radius, r , at which the shear 
m 
stress becomes negligible (Cooke, 1974, Frank, 1975) and thus 
w 
s = 
where ,~111 ( ~:) 
T r 
o 0 
G 
T r 
o 0 
G 
4.3.2 Effect of lower layer of soil on upper layer 
(4 .10) 
The lower layer of soil is deformed by the base of the 
pile acting as a rigid punch (see below, section 4.3.4). At 
some large distance from the pile, the base will appear as a 
point load and thus the deformation of A2B2 (Figure 4.1(b)) 
will decrease approximately inversely with r. Since this 
decrease is more rapid than the logarithmic varia.tion implied 
by equation (4.9), the lower layer of soil will act as a 
restraint on the deformation of the upper layer. This will 
give rise to vertical stress increments, ° , a.nd thus - since 
z 
these stresses must die out by the free surface - non-zero 
dO 
terms in dZ Z , For the axes shown, 0
z 
> 0 (compression) i 
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dO z thus az > 0, which implies, from equation (4.5), that 
. d . 
ar (rT) < O. 'For T acting as shown in Figure 4.2(b) this 
latter inequality implies that the shear stress will decrease 
more rapidly with r than given by equation (4.7). The 
magnitude of the term ~r (rT) will decrease with vertical 
distance above AlBl (Figure 4.1{b)), so that the value of rm 
(at which the shear stress becomes negligible) will vary with 
depth and will follow the pattern shown in Figure 4.3. Since, 
for a rigid pile, w must be independent of depth, the value 
s 
of T must also vary with depth in such a fashion that 
o 
T r 
o 0 
G 1n (::) is constant. This variation has been found 
(Butterfield and Banerjee, 1970, 1971; Ottaviani, 1975; 
Poulos, 1968) and typical results from the author's own finite 
element and integral equation computations are shown in 
Figure 3.8 for a pile of slenderness ratio 40, and soil 
having v :;:: 0.4. 
It has been argued that the shear stress is reduced 
ao
z 
as a consequence of the non-zero az- term. From the Boussinesq 
solution (se e Timoshenko and Goodier, 1970) the displacements 
caused by loading a half space of a given shear modulus are 
proportional to (1 - v). Thus the stresses setup by the 
incompatibility of the displacement patterns along AB (Figure 
4.1(a)) will vary in some fashion inversely with (1 - v). 
dO 
At 10yl values of Poisson' s ratio, v, the ·term a z z will be 
smaller at a given radius than for higher values of Poisson's 
ratio. This will lead to the effects of the pile loading 
being felt at greater radii and, as a first approximation, r 
m 
will be taken as proportional to (l - v). The mean value of 
rm will also be proportional to the length of the pile; thus 
rmcx:.Q,(l-v). 
The settlement at a radius r may be expressed (from 
equations (4.9) and (4.10) as 
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s 
T r 
o 0 
G (4.11) 
This settleme n't profile is compared to that calculated from 
inte gral equation analys is at the pile mid- depth in Figure 4.4 
for the case of a pile having 1/r == 40, for two values of v. 
o 
The logarithmic variation of settlement given by equation (4.11) 
is a good approx imation for small r. The magnitude of the 
settlemen't w computed from equation (4.11) tends to zero fo r 
r ~ 52 ro for the case of v == 0.5 and for r ~ 93 ro for the 
case of v == 0. Thus a suitable value for the average magical 
radius is r 
m 
variation of 
= 2.5 1(1 - v). In th~ analysis below, the 
r with depth will be ignored and a single , 
m 
average value of rm will be taken. 
4.3.3 Deformation of upper layer of soil in bending 
The analysis has so far only considered shear deform-
ation of the upper layer of soil and ignored radial movement. 
From Figure 3.8, the shear stress distribution is not uniform 
with depth and near the ground surface, the shear stress must 
tend to zero. From the radial equilibrium equation (see 
Figure 4.2 (b) ) : 
(4.12) 
Since ~~ i 0, or and °8 must also be non- zero which will 
entail radial movement u. The soil around the pile shaft may 
be thought of as a thick plate (ignoring for the moment the 
soil below AB in Figure 4.1tal), and these radial stress e s 
and strains reflect the bending that takes place in such a 
centrally loaded thick plate. In order to estimate the size 
of this bending component of the vertical deflection, in 
comparison to the shear component, a test problem was analysed 
with three different loading conditions as shown in Figure 4.5 
(a), (b) and (c). The test problem consisted of a thick 
'plate' of soil reinforced by a rigid pile at the centr e a nd 
clamped at a radius of r == a. Dimensions of the pile and 
pl a te were 1/ro = 40, a/ro == 50, and v == 0.4. The loading 
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conditions were (a) loading in pure shear (by a central force 
P and shear tractions on the upper and lower surfaces of the 
plate of magnitude ~/(2TIlr)); (b) as in (a) but with surface 
tractions on the lower surface of the plate only; (c) loading 
by a central force P only. 
The deflections of the pile calculated from fini-te 
element analyses of the three load cases were 
(a) w = 0.01564.p/(G r ); (b) w = 0.01754. pJ(G r ) i 
- 0 0 
(c) w - 0.01944. P/(G r ). The shear deformation in case (a) 
o 
is given by equation (4.10) with r = a = 50 r and this is 
m 0 
equal to 0.01557. P/(G r
o
)' Thus the bending component of 
deflection accounts for about 20% of the total deflection 
in case (c) < Case (b), with zero shear stresses on the upper 
surface, is probably the closest to the situation in an 
actual pile problem where the lower layer of soil provides 
shear resistance along AB in Figure 4.l(a). The bending com-
ponent in this case is about 10% of the total deflection. The 
distribution of maximum radial movement u for this case agrees 
well with that for the corresponding pile problem, as is shown 
in Figure _4.6. 
The importance of the deformation due to bending is 
that, whereas the shear deformation is proportional to the 
shear compliance I/G, but independent of Poisson's ratio v, 
the bending deformation is dependent on both G and v. Thus 
if the soil shear modulus may be considered independent of 
whether loading takes place under drained or undrained con-
ditions (Wroth , 1971), then only the bending component of 
deformation will affect the consolidation behaviour of the pile. 
An exact analysis of the test problems (a ) and (c) is given 
in Appendix A - which, incidentally, provides confirmation that 
the finite element mesh is satisfactory since the difference 
between finite element and analytical solutions is only about 
l ~ o • This analysis gives a variation of vertical movement of 
the pile, w, with Poisson's ratio v of the form 
w = (0.01557 + 0.0036 (1.5 - v)). PI (G r 0) (4.13) 
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for case (c), Figure 4.5, where aJr = 50, and t/r = 40. 
o 0 
From the flnite element analysis 6f case (b), the 
bending component of deflection in an actual pile problem 
is about half that for case (c), thus 
w = (0.01557 + 0.0018(1.5 - v)). P/(G r ) o . (4.14) 
For practical values of Poisson's ratio, the contribution of 
the bending term is small and the maxlmum difference as 
Poisson's ratio varies between 0 and 0.5 is 5%. The shearing 
component of deflection predominates and so equation (4.11) 
is likely to be a reasonable approximation for the settlement 
variation with radius from the pile. This has been confirmed 
experlmentally by Cooke (1974) and Cooke, Price, & Tarr (1978) 
from mini-pile tests in London clay. Equation (4.10) will be 
taken as giving the overall settlement of the pile shaft in 
terms of the shear stress acting down the shaft, wlth requal 
m 
to 2.5 t (1 - v), from the evidence of Figure 4.4. 
4.3.4 Interaction of pile base with lower layer and effect 
of upper layer 
The - base of a pile is slm.ilar to a rigid punch and, as 
such, its load deformation behaviour is described by (Timoshenko 
and Goodier, 1970): 
= n (4.15 ) 
where a factor n has been introduced to allow for the depth of 
the pile base below the surface, i.e. the interaction of the 
upper layer of soil with the lower layer. 
There has been much discussion and confusion over the 
coefficient n. This coefficient, or depth factor, was 
introduced to modify the original solution which applies to 
a punch at the surface of an elastic half-space in order to 
take account of the stiffening effect of the soil above the 
level of the loaded area. Since a closed form solution is no 
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for case (c), Figure 4.5, where aJr = 50, and ~/r = 40. 
o 0 
From the finite element analysis of case (b), the 
bending component of deflection in an actual pile problem 
is about half that for case (c), thus 
w = (0.01557 + 0.0018(1.5 - v)). P/(G r ) o . (4.14) 
For practical values of Poisson's ratio, the contribution of 
the be nding term is small and the maximmTI difference as 
Poisson's ratio varies between 0 a nd 0.5 is 5%. The -shearing 
component of deflection predominates and so equation (4.11) 
is likely to be a reasonable approximation for the settlement 
variation with radius from the pile. This has been confirmed 
experimentally by Cooke (1974) and Cooke, Price, & Tarr (1978) 
from mini-pile tests in London clay. Equation (4.10) will be 
taken as giving the overall settlement of the pile shaft in 
terms of the shear stress acting down the shaft, with requal 
m 
to 2.5 ~ (1 - v), from the evidence of Figure 4.4. 
4.3.4 Interaction of pile base with lower layer and effect 
of upper layer 
The ' base of a pile is similar to a rigid punch and, as 
such, its load deformation behaviour is described by (Timoshenko 
and Goodier, 1970): 
= n (4.15) 
where a factor n has been introduced to allow for the depth of 
the pile base below the surface, i.e. the interaction of the 
upper layer of soil with the lower layer. 
There has been much discussion and confusion over the 
coefficient n. This coefficient, or depth factor, was 
introduced to modify the original solution which applies to 
a punch at the surface of an elastic half - space in order to 
take account of the stiffening effect of the soil above the 
level of the loaded area. Since a closed form solution is no 
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longer possible for the general case, correction factors must 
be used, and the original figures were due to Fox (1948) who 
considered a loaded area embedded in a soil mass at a depth, 
h. He showed, and his work has been substantiated by Banerjee 
(1970), that for hid> 6 (where d is the diameter of the loaded 
area) a factor of ~ should be used. Clearly at large depths, 
this is a limiting value from -the symmetry of the problem. 
For plate loading tests conducted at the botto~ of an 
open borehole, this factor is markedly different. Burland 
(1969) showed by finite element analyses, that the limiting 
value was nearer 0.85 (used by Marsland, 1971, in London clay 
with v ~ 0.4), though it depended on Poisson's ratio. This 
figure of 0.85, instead of 0.5, accounts for much of the 
discrepancy between the dimensionless number K (the ratio 
of settlement as a fraction of plate diameter, to fraction of 
ultimate load) evaluated earlier by Burland et al (1966) from 
plate tests and from data obtained from triaxial tests. 
When the loaded area is the base of a pile, it has 
been customary to revert to Fox's figure of n = 0.5 (Burland 
et aI, 1966; Burland and Cooke, 1974), since the loaded area 
is now buried - in the sense that there is no longer an open 
borehole above it. However, this cannot be correct, because 
the pile is not capable of absorbing any of the load applied 
at its base (as would be a column of soil) since it is the 
means by which the load is transmitted to the base. Furthermore, 
the upper layer of soil is already being deformed by the action 
of the shear stresses along the pile shaft. Thus at any rate 
for a straight (i. e. not underreamed) pile, n > 0.85 and is 
probably close to unity. Most finite element and other elastic 
numerical ' analyses give ratios of base settlement to load 
consistent with a factor much greater than unity, together wi~h 
high computed shear stresses on the pile shaft near the base. 
If these shear stresses are included in the load acting on the 
base (in a real soil, plastic strains would reduce the peak in 
shear stress ), then values of n of about unity are obtained. 
Frank (1975) gives typical values of this factor, taking Pb 
as all the load transferred to the soil within half a diameter 
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of the pile base. Even with this broad definition of Pb , n 
is about O. 75. 
For unde rreamed piles, the above argument is slightly 
altered as the pile base now has soil directly above it. Also 
the radius on the right hand side of equation (4.15) will now 
be the radius of the pile base r b . Thus n may be replaced by 
nl ro/rb. Figure 4.7 (a) shows a typical profile of an under-
reamed plle and it appears likely that the shear stress over 
the shaded region (the conical surface of the underream) will 
be very small. This is borne out by the results of integral 
equation analyses which show that the shear stress on the pile 
shaft drops to zero near the base of the pile. Based on these 
observations, the approach to the analysis of an underreamed 
pile will be to split the soil into an upper and a lower layer 
as before but drawing the boundary plane AB at the top of the 
base of the pile as shown in Figure 4.7(b). This reduces the 
effective length of the pile shaft by the height of the pile 
base. 
For an underreamed pile divided into shaft and base 
segments as shown in Figure 4.7(.b), the same arguments apply 
in deciding the correct value of n' as for a straight sided 
pile. Thus n' may be taken as unity and the load deformation 
behaviour of straight-sided and underreamed piles is given by 
equation (4 .15 ) where n is equal to the ratio of underream 
ro/rb. This argument is slightly modified when the ultimate 
shaft friction of a pile has been reached as is sometimes the 
case for underreamed piles, even at working loads. Further 
loading will be carried solely by the pile base which must drag 
down the upper layer of soil in a similar fashion to a plate 
test at the bottom of a borehole. Thus for increments of load 
in this range, n should be reduced by a factor of ~ 0.85. 
4.4 COMBINING BASE AND SHAFT TRANSFER OF LOAD 
By combining the results of the last two sections, it 
i$ possible to produce a reasonable estimate for the deformation 
of a rigid pile in an homogeneous linearly elastic continuum, 
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of the pile base. Even with this broad definition of Pb , n 
is about 0.75. 
For underreame d piles, the above argument is slightly 
altered as the pile base now has soil directly above it. Also 
the radius on the right hand side of equation (4 .15 ) will now 
be the radius of the pile base r b . Thus n may be replaced by 
n' ro/rb' Figure 4.7(a ) shows a typical profile of an under-
reame d pile and it appears likely that the shear stress over 
the shaded region (the conical surface of the underream) will 
be very small. This is borne out by the results of integral 
equation analyses which show that the shear stress on the pile 
shaft drops to zero near the base of the pile. Based on these 
observations, the approach to the analysis of an underreamed 
pile will be to split the soil into an upper and a lower layer 
as before but drawing the boundary plane AB at the top of the 
base of the pile as shown in Figure 4.7(b). This reduces the 
effective length of the pile shaft by the height of the pile 
base. 
For an underreamed pile divided into shaft and base 
segments as shown in Figure 4.7(b), the same arguments apply 
in deciding the correct value of n' as for a straight sided 
pile. Thus n ' may be taken as unity and the load deformation 
behaviour of straight-sided and underreamed piles is given by 
equa.tion (4.15 ) where n is equal to the ratio of underream 
ro/rb' This argument is slightly modified when the ultimate 
shaft friction of a pile has been reached as is sometimes the 
case for underreamed piles, even at working loads. Further 
loading will be carried solely by the pile base which must drag 
down the upper layer of soil in a similar fashion to a plate 
test at the bottom of a borehole. Thus for increments of load 
in this rahge, n should be reduced by a factor of ~ 0.85. 
4.4 COMBINING BASE AND SHAFT TRANSFER OF LOAD 
By combining the results of the last two sections, it 
i$ possible to produce a, ~ea.sonable e$tima,te for the deformation 
of a rigid pile in an homogeneous linearly elastic continuum, 
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which has been checked against numerical solutions. The 
purpose of such an estimate is to provide a simple basis which 
may then be modified to account for non-homogeneity of a 
particular soil deposit, or compressibility of the pile. 
Since only the overall load settlement ratio of the 
pile shaft is important, it is sufficient, as a first approxim-
ation, to take r and thus, for a rigid pile, T as constant 
m 0 
with depth. Equation (4.10) may thus be written as 
VI 
S = 
T r 
o 0 
G = (4.16) 
For a rigid pile, wt = wb = ws' Pt = Pb + Ps; thus , making 
use of equations (4.15) and (4.16) 
G r w 
o t 
Pb Ps 
= G r wb + G r w 
o 0 s 
= 
4 
n (I-v) 
2n 
+ (; 
This may be compared with the results of .integral equation 
analyses. For a straight shafted pile, n = ro/rb = land 
(4 .17 ) 
t may be calculated from t = In(r /r ). As discussed above, 
, m 0 
an empirical value of rm has been determined as rm = 2.5 R-(l-v). 
The variation of (; with R-Jro and v is shmvn in Figure 4.8. 
Using these values, the load settlement ratio has been computed 
for a range of slenderness ratio, R-/r , and two different 
o 
values of Poisson's ratio, v = 0 and v = 0.5. The results 
are plot:ted in Figure 4.9 and compare well with the results 
of integral equation analyses. 
The fraction of the load taken by the base is given by 
P b 1 
= r t 1 + 
= 
Ps 
Pb 
nn(l - v) 
2(; (4.18) 
Yo~ examplefo~ a straight shafted pile of slenderness ratio 
?"/r
o 
= 40, Pb/l?t va.ries from 7% Cv = 0) to 11% (v = 0.5) . 
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Equation (4.17) may also be applied to the analysis 
of unde rreamed piles. It has already been noted that n = ro/rb' 
The effective length of the pile shaft is reduced by the height 
of the pile base. 
sides are a round 
underreamed pile 
Typical values for the slope of the base 
60°, giving a height, h', of the base of the 
in place 
,Q, - h' -
of 9. on 
of h' = 1.5(rb - ro) (see Figure 4.7Ca)). Thus, 
the right hand side of equation (4 .17 ), 
,Q, - 1.5(rb - ro) must be used. 
This analysis has been checked for a range of underream 
ratios, rb/r , and slenderness ratios, ,Q,/r , with the results 
o 0 
of integral equation analyses. A comparison of the results 
for a pile of slenderness ratio ,Q,/r = 40 is shown in Table 4.1. 
o 
The simple method of analysis gives values of the overall load 
settlement ratio which are vii thin 4 % of those computed from 
integral equation analyses. The fractions of the load taken 
by the pile base are also in reasonable agreement for ratios 
of rb/ro commonly encountered. 
4.5 PILE COMPRESSIBILITY 
It is necessary to modify the preceding analysis in 
order to estimate the effect of pile compressibility on the 
settlement of the pile head. Equation (4.10) may be written as: 
w (z) (4.19) 
where wand L now vary with depth, z. The compressive strain 
o 
of the pile (as sumed elastic) is writ·ten in terms of the load 
P(z) transmitted by the pile at any depth z: 
dw (;-~.l 
dz 
:= 
-P (z) 
nr LE 
o p 
:= .... p (z) 
1Tr L A G 
o · s 
where Ep is the Young's modulus of the pile and ~ := E /G . P s 
(4.20) 
This will be related to the shear stress on the shaft surface, 
. (4.21) 
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Different iating equation (4.20 ) and substituting equatiOn 
(4.21) gives: 
- 1 
nr2 A G 
o s 
dP(z) 
dz 
2 
= A G 
s 
• T (Z) 
o 
Finally, the relationship between T (z) and w(z) (equation 
o 
(4.19» may be used to form the governing differenti a l 
equation: 
The solution of this equation is given by 
w ( z ) = 
where 2 = v:. 
(4.2 2 ) 
(4 .23 ) 
(4 .24) 
The constants A and B may be found by s ub s ti bIting Jche boundary 
conditions at the base of the pile where: 
Pb (1 \)} 
w(,q = . Tt (from equation (4.15» 4 r G 
0 s 
and 
nr 2 A G . (from equation (4 .20 » 
o s 
Thus 
Pb(l - \» 
Ae)1Q, -)1 Q, + Be = 4 r G 
0 s 
)1 (Ae)1Q, Be -)1 Q,) 
-P b 
- = nr 2 A G and 
0 s 
Solving for A and B and substituting back into equation 
(4 .24 ) yields 
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(4.25 ) 
(4.26 ) 
(4. 27 ) 
(4.2 8 ) 
d 
I 
, 
I 
I 
I 
1 , 
W ( z ) = 1-2 • r G 
o s 
1 ] e -ll ( ,Q,-z ) 
TIr All 
o 
Since the term (TIr All )-l will be very small « 0.02) for 
o 
relevant 'values of Ar equation (4.29) may be simplified 
·to give 
w(z), ~ PbG . n(l~V) cosh[ll(,Q,-Z)] ~ wb cosh[ll(,Q,-Z)] 
ro s 
(4 .29 ) 
(4 • 30) 
In particular, the settlement of the pile top may be expressed 
in terms of the settlement of the pile base by: 
The total load supported by the pile may be obtained by 
integrating equation (4.21) substituting for T (z) from 
o 
equations (4.19) and (4.29) to give: 
P (z) 2TIP { ::: ~ n(l-v) I: r 4 
o 
4 1,Q, 
(4.31) 
(4.32) 
J+ + n (l -v ) . TIll. . r o 
tanh (ll .Q., ) J--1 
. 119, (4.33) 
This expression is simpler to apply than it appears at first 
sight since the group ( ,Q,Jr ). (tanhCll,Q, )Jll 9, ) occurs in both 
o 
the nwnerator and the denomina·tor. 
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. This result has been used to ~nvestigate the manner 
in which the .compressibility of a pile affects its load 
defor mation beha viour. Some results are presented in Table 
4.2 where values of the load settlement ratio and the ratio 
of tip settlement to base settlement, wt/wb , are tabulated for 
two differe nt slenderness ratios and a range of stiffness 
ratios , E /G. Corresponding results from int egral equation p s 
analyses are also given for comparison. It should be noted 
that booth methods become unstable :for long compressible piles 
and the values given for ~/r = SO, E /G = 300 are suspect. o . p s 
4.6 CONSIDERATION OF SOIL INHOMOGENEITY 
The analysis so far has dealt with a pile embedded in 
an homogeneous soil. In practice, the stiffness of the un-
disturbe d soil usually increases with depth a nd, particularly 
for bored piles, there may be a softened annular zone of 
material round the pile shaft. 
4.6.1 Radial inhomogeneity 
For the case of radial inhomogeneity, equation (4.9) 
may be rewritten as: 
r 
m 
w = T r J s 0 0 
where G = G(r). 
dr 
Gr (4 .34 ) 
If an estimate of the variation of G with radius is 
possible then the foregoing analysis may be applied but with 
a di fferent value of ~ given by: 
rm 
= Goo J 
dr 
Gr 
where Gis the undisturbed value of G(x) at some distance 
00 
from the pile. 
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(4. 35 ) 
In order to check the validity of this approach, a 
group of finite element analyses was undertaken where the 
geometry was kept constant and Poisson's ratio was taken as 
0.4, but the soil modulus was varied as below: 
1. G = G (constant) throughout the soil mass 00 
2 . G = G /4 for 1 < r/r ~ 1.25, G = G for r/r > l. 25 00 0 00 . 0 
3 . G = G /4 for 1 < r/r ~ 1.25, G = Goo for r/r > 2.0 00 0 0 
and G varied linearly from G /4 to G 00' l. 25 <·r/r 00 0 ~ 
Expressions for the shaft settlement, calculated from 
equation (4.34 ) are: 
T r 
l. o 0 In(r /r ) w = 
s G m 0 ( a) 
00 
T r 
2.0 
2. o 0 [3 In(1.25) + In(r /r )] w = 
s G m 0 (b) (4 .36 ) 
00 
T r 
3 . 'vI 00 [5 In (l. 25) + In (r /r ) ] = s G m 0 (c) 
00 
The value of r was taken as r = 2~(1-v). This is 
m m 
smaller than the value of rm previously used because these 
results were compared with finite element analyses, where 
there is a rigid boundary at a depth h, where h = 2.5~. This 
rigid layer has the effect of increasing the vertical stress 
changes, 0
z
' thereby decreasing the radius at which the 
shear stresses become negligible. The load settlement ratios 
computed by the two methods are given in Table 4.3. This 
li.mi.ted number of comparisons is sufficient to show that the 
simple analysis outlined above is capable of predicting the 
effect of a softened zone around the pile. 
4.6.2 Vertical inhomogeneity 
Almost all soils show some variation of stiffness wi.th 
depth and , although it may sometimes be possible to assign a 
single value of shear modulus to the whole deposit, it is 
'.p 
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essential that an ana lytic mode l is c a p a ble of dealing with 
v e rtical inhomogene ity. It is possible to account for simple 
c a ses of inhomogene ity, where there are two or three distinct 
layers of soil each one being homogene ous, by assuming that 
the shear strain distribution is unaffected. The value of T 
o 
at any depth may then be established by multiplying by the 
appropriate shear modulus (see Frank, 1975). A more important 
type of vertical inhomc·geneity is where the stiffness of a 
single soil type increases gradually with depth. It will be 
assumed h e r e that the stiffness increases proportionally as 
in a 'Gibs on' soil (Gibson, 1967, 1974) or linearly with depth. 
Thus the she ar modulus may be written as: 
G = m(b + z) (4.37) 
To start with, the behaviour of a rigid pile in such a soil 
will be inve stigated. 
It has been argued that the interaction of the upper 
and lower soil layers gives rise to stress increments 0 
z 
along AB (Figure 4.l(a)). The size of these terms will depend 
on the value of the soil stiffness in that region. If the 
case of a Gibson soil is considered, whose modulus at this 
depth is the same as that of a previously analysed but homo-
dO 
geneous d e posit, then the terms 0 and ~ will be unchanged 
z oZ 
from the homogeneous case. However, for uniform settlement 
down the pile shaft, the shear strain at a particular radius 
will be constant with depth. Thus the shear stress will now 
increase approximately linearly with depth. This is illustrated 
in Figure 4.10 for the case of a pile with slenderness ratio 
of 40, in a soil with v = 0.4. The effect of the variation 
in shear stress is 
stresses compared to 
to decrease 
dO' 
z 
az 
the relative size of the shear 
From equation (4.5)it may be s e en that this will entail 
a more r a pid decrease of shear stress 0ith r than the cor-
responding homogene ous case and so the value of r (at which 
. m 
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1 the shear stresses become negligible) will decrease. 
At the.mid-point of the pile, where the shear stress 
is of the order of h~lf that for the homogeneous case, it is 
reasonable to expect that r will be half its previous value. 
m 
This reduction in r between homogeneous soil deposit and a 
m 
Gibson soil is illustrated in Figure 4.11. The logarithmic 
varia-tion of settlement with radius is a good approximation 
for sma ll r in both cases. Applying equation (4.11) in the 
same manner as for Figure 4.4 (section 4.3.2) estimates for 
r of 48 rand 24 r are obtained. This confirms the suppo-
moo 
sition that r is reduced by a factor of two for a pile in a 
m 
Gibson soil. 
In general, introducing an inhomogeneity factor p , which 
is the ratio of the shear modulus at pile mid-depth to that at 
the base, i.e. p = G(~J2)/G(~), the new expression for r is: 
m 
rm = 2.5 ~ P (1 - v) (4.3 8) 
for a pile in an infinite half-space, or 
r = 2 ~ P (1 - v) 
m -
(4.39) 
for comparing with finite element analyses where there is a 
rigid layer at a depth of 2.5~. It should be noted that, 
for a given soil, p will vary with the length of the pile 
except for the extreme cases of an homogeneous soil (p = 1) 
and a Gibson soil (p = 0.5). 
The finite element method was used to analyse a group 
of problems featuring vertical inhomogeneity. All analyses 
had the same (homogeneous ) value of shear modulus below the 
level of the_ pile base, in order that the base behaviour would 
not be affected. In fact, the effect of G continuing to 
increase with depth below the base of the pile is very small 
as was shown by two finite element analyses one with G = mz 
throughout and the other with G = mz for 0 < z , 1 and 
G = m1 for z > 1, where the overall settleme nts for a given 
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load differed by less than 5 per c ent. This constant v a lue 
of G at z ~ l , will be written as G1 and the results expressed 
in terms of the non-dimensional parameter p.tf(G1 r o wt ). 
Following the arguments outlined above,if G is of the 
form G = m(b + z), where m(b + 1) = G1 , then the distribution 
of shear stress will be similar, i.e.: 
T (z) = k(b + z) 
0 
(4.40) 
whence k k w = r In(r /r ) -=-- r s s m 0 m 0 m 0 (4.41) 
The total load taken by the shaft is P given by: 
s 
1 
(4.42) P J 21T dz 21f 
r k 1 (b + 1 = r T = 
'2 s 0 0 0 
0 
Thus P 2n 1 s 
= - P G1 r w S r 0 s 0 
(4.43) 
This expression may be substituted into equation (4.17) to 
give the oyerall load- settleme nt ratio, P t /(G1 ro wt ). Results 
for different values of P for a pile where l/r = 40, are 
- 0 
compared with those from finite element analyses in Table 4.4 
and show ' good agreement. In addition, these results show 
that, if a single homogeneous shear modulus is to be chosen 
for a soil where G increases with d epth, then the value of 
G at ~ 2/3 of the depth of the pile base gives a settlement 
equiva lent to the correct analysis. 
Although the analysis for a compressible pile in an 
homogeneous medium is no longe r applicabl'e to the non- homogeneous 
case, it h a s been found that the variation of settlement down 
the pile may still be approx imated by 
w (z) ~ wb cosh [}l ( 1~ - - z) ] (4.30) bis 
Thus equation (4.33) will still hold except that the shaft 
load will be reduced by the factor Pr as $hown by euqation (4.43). 
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The general expression for the load settlement ratio 
Pt/(G9, ro wt ) is now: 
where 
9, 
r 
o 
tan~ i )19, ) J . [1 + 4 1 9, 
n (l-v) 'ITA r 
o 
= In [2. 5 9, p (1 - v) ] , 
ro 
r 
p = G(9,/2)/G(9,), and 0 n = 
rb 
t al}-h ()1 9, -.L] - 1 
)19, I 
. \ 
(4.44) 
Additional radial softening close 
for by suitable modification to s 
to the pile may be accounted 
as indicated by equation (4.35) . 
4.6.3 End bearing piles 
A particular form of vertical inhomogeneity occurs when 
piles are installed through a relatively soft layer of soil 
to bear on a stiffer substratum. This stiffer layer will have 
the effect -of decreasing the value of r
m
, for the same reasons 
as discussed in the previous section, and also will increase 
the stiffness of the pile base. If the ratio of the shear 
modulus at -the bottom of the soft layer (G 9,) to the shear 
modulus of the stiff layer (Gb) is given by ~ = G9,/Gb , then 
equation (4.44) may be used for the analysis of this problem 
but with nand r both reduced by the factor ~. 
m 
4.7 SU~lliARY OF ANALYTICAL MODEL FOR SINGLE PILES 
One oi the main points to emerge from the analysis 
concerns the settlement of a pile that is necessary to develop 
full shaft friction. Early research into pile behaviour assumed 
that the shear strains around a pile shaft were confined to a 
narrow, softened, zone close to the pile, of the order of 
5-10 cm wide. Full cohesion was assl®ed to be developed at 
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shear strains of ~ 10 per cent (Burland et aI, 1966) giving 
corresponding settlements of the pile of ~ 5-10 mm, independent 
of the pile shaft radius. For bored piles, where a softened 
zone inde pendent of the pile radius may occur, this may be a 
reasonab l e approach. 
For most piles, however, the soil may be taken, in the, 
first instance, as radially homogeneous and dimensional analysis 
demonstrates the dependence of this critical settlement on the 
pile radius. Equation (4 .3 ) shows the proportional dependence 
of w/r on P/(Gr 2). For a particular pile geometry (9,/r ), 
o 0 . 0 
the lat-ter term (ignoring the contribution to P from the pile 
base) is a measure of the shear strain in the soil adjacent 
to the pile shaft. Thus the settlement needed to produce a 
particular value of this shear strain is proportional to the 
pile radius. As shaft failure is approached, the high stress 
level near the shaft reduces the secant shear modulus and thus, 
in effect, a softened zone is formed. This is superficially 
similar to the bored pile case except for the important differ-
ence that the width of this softened zone is a function of 
the shear stress level and so {from equation (4.7)) is pro-
portional to the pile shaft radius. Thus the settlement of a 
pile needed to develop full shaft cohesion will, in general, 
be approx imately proportional to the pile radius. Some ex-
perimental evidence to support this has been given by Whitaker 
and Cooke (1966). 
It is not immediately obvious which are the important 
parameters in equation (4.44) for determining the settlement 
of a pile at a given load. In order to investigate this, the 
expression will be simplified by ignoring the second term in 
the denominator (usually < 0.1) and to compensate by ignoring 
the contribution of the pile base represented by the first 
. 4 
ter m, n (I-v) , .in the numerator. This gives: 
tanh ().l9,) 
119, 
which may be rewritten for design purposes to give the 
-60-
(4.45) 
11 
I 
I 
I 
I 
I 
I 
I ) 
settlement explicitly as: 
(4.46) 
This simplified expression tends to overestimate the settlement 
of a pile by up to 10 per cent. The soil properties which 
need to be measured are the value of G and its variation with 
depth and, for the long-term settlement of Et pile, v. Most 
soil tests give a quantitative estimate of the variation of 
soil strength and stiffness with depth from which, for a given 
pile length, p may be calculated with reasonable accuracy. The 
difference between undrained and drained pile settlement may 
be obtained by allowing Poisson's ratio, v, to vary in the 
expression for S, assuming that the shear modulus is unaffected. 
For most piles, approximately 85 per cent of the settlement 
may be expected to take place immediately. 
There is no simple approximation for tanh(~~)J~~, but 
Figure 4.12 shows the variation with ~~. Inaccuracies in 
estimating ~~ will arise mainly from the ratio).. = E /G o ' 
. P N 
The value of E will be known, but G~ must be estimated from p 
soil data. For most practical values of ~~, where 0.5 < ~~ < 2.0, 
the variation in G~tanh(~~)/~~ will be approximately 2/3 the 
variation in G~. Thus an underestimate in G~ of 30 per cent 
will lead to an overestbuate of the pile settlement of about 
20 per cent. It is clear that accurate measurement of the 
soil shear modulus (for an anisotropic soil, GVH ' using the 
notation of Gibson, 1974) is of prime importance in estimating 
the settlement of a piled foundation. 
4.8 APPLICATION OF ANALYTICAL MODEL TO PILE TESTS 
The proposed analytical model may be used to back-analyse 
values of the soil shear modulus from pile t.ests. If this 
parameter is known vii th reasonable accuracy from independent 
soil tests, then any discrepancy will give a measure of the 
effects of pile installation which may be used later in the 
design of the actual foundation. For the purpose of illustration, 
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two pil e t e sts in London clay will be studie d and the values 
of the shear modulus of the s oil obt a ined by back- analys is 
will b e comp are d with the r esults from plate loading te s ts 
and p ressu remete r tests. 
The first t e st to be conside red is one of the tests 
conducte d on mini-p iles by Cooke et al (Cooke and Price, 1973; 
Cooke , 197 4 ) at Be ndon, North London . The pile (£ = 3.5 rn, 
ro = 0 . 084 rn, £/r
o 
= 41.7) was fabricated out of tubular steel 
with wa ll thickness 6.4 mm (see Figure 4.13(a)). It wa s jacked 
into the ground and subsequently loaded to just over half the 
maximum loa d me asured during the jacking process. The equi-
valent Young's modulus of the pile is given by: 
E 
P 
30,800 MN/m 2 
where A is the n e t cross-sectional area of the pile. p 
The results of the loa ding te s t have been reporte d by 
Cooke and Price (1973) and the relevant details are: 
= 36.4 kN = 0.516 mm = 0.383 mm 
(4.48) 
Little drainage will have taken place during loading of the 
pile, so Poisson's ratio for the soil may be assumed to be 
close to 0.5. From the ratio of wt/wb ' equation (4.31) giv~s 
a value of ~£ of 0.81, whence tanh(~£)/~£ = 0.83. 
The simplified expres s ion given by equa tion (4.45) may 
now b e u s ed, in the form 
w t 
= (4.49) 
The product G£p i s the average value of the soil shear modulus 
down the length of the pile. The value of t = In(r /r ) 
m 0 
== In[2 . 5 L p (I - v)] may vary from 3.26 (for p = 0.5) up to 
ro . 
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3.95 (for p ::::: 1.0) with an average of 3.61. Thus ~or this 
site the shear modulus at mid- depth is given by: 
G(£/2) 13.9 MN/m 2 + 10% 
From the value for ~£ of 0.81, sA = 5300. For s ::::: 3.61, 
p = 0.71 and G£ = 13.9/0.71 = 19.6 MN/m 2 • This gives 
(4 . 50) 
A = E /G Q = 1570, which, in turn gives a new estimate for s p ~ 
of 3.38. This iteration may be repeated until the most con-
sistent set of value is reached. These are: 
p ::::: 0.66, A = 1500 (4.51) 
If the more ~ccurate expression of equation (4.44) is used, 
then the new set of soil parameters is: 
G = 19. 8 MN/m2 , p := 0.58, A = 1555 (4.52) 
Marsland (1971) has measured the shear modulus of London clay 
of this site by means of large di~leter plate loading tests. 
Although the effects of anisotropy have yet to be fully investi-
gated, value s of shear moduli have been estimated assuming 
isotropic e-.lastic parameters for the soil. The shallowest 
test was at 6 m where shear moduli of the order of 25 MN/m 2 
were measured. Below this depth, an increase in stiffness with 
depth is ·recorded and thus it is reasonable to expect the shear 
modulus at 3 m depth to be ~ 20 MN/m 2 • The value of p of 0.58 
indicates that the shear modulus decreases rapidly near ground 
level. 
Windle and Wrath (1977) report the results of self-
boring pressuremeter tests on this same site. Values of the 
shear modulus in the horizontal plane were measured, which 
varied from 14 MN/m 2 at 2 m depth up to an average of 25 MN/m 2 
at 4 m. Similar values were obtained by Marsland and Randolph 
(1977) with a standard pressuremeter. , These figures agree 
well with those deduced from the pile test results (Figure 
4.13(b).) . 
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Cooke and Price (1973) take a valu~ of p of 0.75, but 
assume that the pile installation process has softened the soil 
next to the pile. At mid-depth, they take a radial distribution 
of shear modulus varying from 3.75 MN/m 2 to 37 MN/m 2 as the 
radius increases from r to 18 r. This compares with a 
o 0 
figure of G(9,/2) of 19.8 x 0.58 := 11.5 MN/m 2 estima-ted above, 
a ssmning radial homogeneity. It is not clear how pile driving 
affects the s tiffness of the surrounding soil but it seems 
possible that a ny softening due to remoulding may be balanced, 
after consolidation, by the resulting increase in effective 
stress level. 
The other pile test is pile N of the series of tests 
reported by Whitaker and Cooke (1966). This was a bored pile 
(9, := 15.24 m, ro = 0.470 m, 9,Jro = 32.4) with straight sides. 
The pile stiffness was measured to be E = 21,400 MN/m 2 • The p 
results of the load test were: 
Pt = 2160 kN = 3 . 05 mm = 1.88 mm 1.62 
(4.53) 
Following t0e same procedure as before, the ratio of wt/wb 
leads to a value for ~9, of 1.06 giving tanh(~9,)/(~9,) = 0.74 
and ~A = 1870. Equation (4.45) yields: 
~9, _ 1 / 2 2n9, tanh(~9,)- 0.0 MN m (4.54) 
Thus a first estimate of p = 0.87 is obtained, which leads to: 
(4.55) 
where v has been taken as 0.5. 
Finally, equations (4.54) and (4.55) give a value for 
G9, of 40.5 MN/m 2 • The more accurate expression (equation (4.44)) 
yields soil parameters of: 
p := 0.8, A := 535 (4.56) 
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Thus the shear modulus var ies from 24 MN/m 2 at the surface to 
40 MN/m 2 at a depth of 15 m. These values are slightly higher 
than those measured by Marsland (1 971 ), but may well be due to 
different conditions at the Wembley site where this latter pile 
test was conducted. Alternatively, it is possible that the 
method of instal lation of the pile in the first example did 
indeed lead to softening of the surrounding soil. 
The two pile tests analysed above are, to some extent, 
unique in that the settlement of the pile base was measured 
as well as the settlement at the top of the pile. This 
additional information enabled the variation of the soil shear 
modulus with depth to be estimated. To analyse a pile test 
where only the load and settlement at the pile head are measured, 
equat ion (4.49) may be used to provide an estimate of the 
average shear modulus (G iP) within about 10% since the variation 
f 1 tanh (]1 £) . th' 11 o ~ ]1£ Wl P lS sma . 
4.9 APPLICATION OF ANALYTICAL MODEL TO PILE DESIGN 
The first stage in designing piles against undue 
settleme nt is to obtain estimates of the shear modulus and the 
manner in which it varies with depth. In the absence of actual 
pile tests, there is often little information available concerning 
the soil stiffness. Pressuremeters provide an economic method 
of measuiing profiles of stiffness of the undisturbed soil and 
Figur e 4.14 shows the results of a number of tests in different 
soil types using a self-boring pressuremeter (Hughes, 1974; 
Pender, 1974; Windle, 1977). 
Figure 4.l4(a) shows four profiles of shear modulus, 
two in soft clays and two in stiff, overconsolidated clays. 
It is significant that both types of clay exhibit a range of 
variation of G with depth. The value of P will, in general, 
vary with the length of the pile. However, it is helpful to 
ci-te typical values for, say, a 10 m Rile embedded in the clays 
--
of Figure 4.14(a). For the soft clays, p = 0.5 (Canvey Island) 
and p = 0.97 (Boston Blue ClayL. ror the stiff clays, 
p = 0.5 (Gault Clay) and p = 0.87 (London Clay) . 
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The two profiles for s a nd (Figure 4.l4 (b)) are very 
similar. In both cases, the shear modulus increases approxi -
mately proportionally with depth (p = 0.5). It should be noted 
that, when a pile is driven into sand, the in-situ stresses 
are increased considerably and it is likely that the stiffness 
of the sand will also increase significantly. The values of 
shear modulus measured with self- boring prrssuremeters would 
thus be cons e rvative. 
Another potentially powerful method of measuring profiles 
of soil stiffness is by geophysical means. By measuring the 
transmission velocity of shear waves over a range of frequencies, 
it is possible to obtain values of G at different depths below 
ground level (Cunny and Fry, 1973). Although the effect of 
factors such as the rate of strain and the maxirnum s·train level 
need to be considered, recent measurements in London Clay at 
Rendon, North London (Abbiss, 1977) give values of G in good 
agreement with results from plate loading tests and pressuremeter 
tests. 
Design of a piled foundation is facilitated if design 
charts covering a wide range of pile geometries are prepared. 
Burland and Cooke (1974) illustrated the preparation of such 
~ 
design charts for underreamed piles in London Clay. Each 
chart related to a single pile shaft diameter and showed the 
load settlement variation for a range of pile base diameters. 
The analysis presented in this chapter may be used to advantage 
in the preparation of similar design charts. To illustrate 
the procedure, charts have been prepared for straight shafted 
piles in the two soft clay deposits (Canvey Island and Boston 
Blue Clay) whose stiffness profiles are shown in Figure 4.14(a). 
For any given pile stiffness and profile of soil stiff-
ness, equation (4.44) may be used to calculate the ratio Pt/wt 
for a range of possible pile lengths, ~, and radii r. Contours 
o 
of equal values of Pt/wt may then be drawn for the chosen 
range of pile geometries. 
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Figure 4.1S(a) shows a design chart for piles in the 
soft clay of Canvey Island. The soil stiffness values have 
been t a ken as G = 0.9 Z MN/m 2 (p = 0.5) where z is in metres, 
v = 0.5, and the pile stiffness as E = 20,000 MN/m 2 •. This p 
latter figure is typical for a concrete pile, or a tubular 
steel pile where the ratio of net pile area to gross pile area · 
is 10%. The chart shows curves of equal values of Pt/wt for 
a range of pile geometries. In most design 
and max imum permissible settlement is known 
may be used to provide suitable values of ~ 
cases, the pile J.oad 
and thus the chart 
and r. Figure 
o 
4.1S(b) shows a similar design chart for Boston Blue Clay, 
where the soil stiffness has been taken as G = 9.0 + 0.05 z MN/m 2 
and z is measured in metres (v = 0.5). 
It should be noted that checks must be made to ensure 
the overall stability of the final design. Equation (4.46) 
may be rewritten as 
= (4.57) 
The first two terms on the right hand side represent the average 
shear stress and average shear modulus down the Pile and thus 
(ignoring the load taken by the pile base, for the case of 
straight shafted piles only) an estimate of the settlement 
as a fraction of the pile radius may be obtained from 
;::: (4.58) 
Typical values of Gjc range from 100 to 200 and, for 
u 
a factor of safety of two on the shaft shear stress, typical 
values for wt to mobilise full shaft friction are such that 
0.01 ,wt/r '0.04, substituting appropriate values for ~ 
. 0 
and fl ~. 
An interesting feature of Figure 4.15 is that the curves 
of consta.nt Pt/wt tend to be parallel to the 'length' axis for 
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small pile radii. This implies an inefficient area of de s ign 
whereby little decrease in working settlement is gained by 
increasing the pile length. A dashe d line h as been drawn which 
defines the lower limit of efficient design for these particular 
pile and soil stiffnesses. 
4.10 CONCLUSIONS 
The analysis outlined in this chapter has been developed 
in an attempt to model the manner in which a pile tra nsfers 
load to the soil. Agreement between the r e sults of the analysis 
and solutions obtained from noolerical methods which need a 
computer is very good, being within the accuracy of these 
latter methods themselves. The bear ing capacity of a friction 
pile has always b een estimated by considering the load carrying 
capacity of the shaft and base s eparately, ignoring the 
different deformations necessary to develop each part. The 
present model u ses the same technique in order to determine 
the d eformations under working loads, ensuring, however, that 
the two displaceme nt fields match a t the base of the pile. 
Two points which emerge from the analysis need to be 
stressed a~ain since they have often been misunderstood in 
the past. 
(i) From the geometry of the problem, the shear stress round 
the pile decreases in inverse proportion to the radius 
so that Tr = T r is approximately constant. The 
o 0 
settleme nt of the pile is proportional to thi s constant 
(see equation (4 . 10)) and thus the settlement needed 
to produce a given shear stress, T , at the pile face 
o 
will be proportional to the pile radius, r , (see 
o 
equation (4.58 )). In general, the width of any softened 
zone around the pile, caus ed by the installation process , 
will b e proportional to the pile radius and so this 
conclus ion will still hold when the soil is radially 
inhomogeneous. 
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(ii) 
/ 
The base of a straight shafted pile acts like a rigid 
punch on the surface of a half-space, not like a buried 
rigid plate. The analytical model has demonstrated 
that it i s sufficient to consider all the soil above 
the level of the pile base as being deformed solely 
by the shear stresses acting down the pile shaft, and 
not due to any dragdown by the lower layer. The ex-
ception to this is for piles where the ultimate shear 
stress has been reached on the pile shaft. For increme nts 
of load in this range, the compliance of the pile base 
should be reduced by a factor of about 0.85. 
The analysis has been developed for single cylindrical 
piles fully embedded in a linear elastic soil. EmphasJs has 
been placed on the manner in which the overall load settlement 
ratio is calculated so that the equations may readily be 
altered for the analysis of a particular problem. Thus piles 
which are not fully embedded, or where an outer sleeve prevents 
development of shaft friction, may be analysed by taking an 
appropriate length for the pile shaft while making allowance 
for the elastic compression which will occur in the upper part 
of the pile. Although the only case considered is that of a 
cylindrical pile the equations developed may be used equally 
well for non-cylindrical (e.g. square or 'H') piles provided 
a sensible value of ro is chosen. This will normally be the 
radius o·f the circumscribing cylinder, although, for steel 
H piles, the contribution of the pile base may have to be 
modified, for example by increasing n. 
The manner in which the settlement round a pile 
decreases with radius has been investigated and this plays an 
important role in extending the analysis to study the effect 
of neighbouring piles. The following chapter describes the 
manner in which the analysis may be applied to pile groups. 
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CHAPTER 5 - EXTENSION OF THE ANALYSIS FOR VERTICALLY 
LOADED PILES 
5.1 INTRODUCTION 
The semi~analytical model developed in the previous 
chapter has proved capable of matching the results of more 
sophisticated computer solutions to the problem of a vertically 
loaded pile in a linear elastic meo.ium. It is particularly 
useful in the analysis of pile tests to provide rapid estimates 
of the shear modulus profile of the soil for subsequent use in 
design. To extract the most from the model, two extensions 
must be made so that it is capable of application to an actual 
pile foundation design. Firstly, the effect of neighbouring 
piles must be investigated so that groups of piles may be 
analysed. Secondly, some study should be made of the effect 
of non-linear soil deformation on the accuracy of the proposed 
model, which was developed for a linear elastic soil. 
5.2 EFFECT OF NEIGHBOURING pILES 
It has _ long been realised that groups of piles tend to 
settle more than a proportionally loaded single pile. This is 
because closely spaced piles will be within each othe~s dis-
placement fields and thus the load per pile to produce a given 
displacement will be reduced. It has been shown that the dis-
placement field around the shaft of a pile varies with the 
logarithm of the radius from the pile and this should lead to 
a quantitative estimate of the interaction between two piles. 
However, the interaction near the base of the pile will be 
different from that midway down the shaft. Following the 
approach adupted for the analysis of a single pile, the inter-
action of the pile shaft and pile base will be investigated 
separately and then combined, in the first instance taking two 
rigid piles. 
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5 . 2 . 1 Interact ion of pile shaft displacement fields 
Consider the settlement of one pile shaft split into 
two components: 
(5.1 ) 
where WJ is the settlement of the pile due to its own load, 
and W2 is the settlement due to the neighbouring pile shaft1s 
displacement field. Thus, from equations (4.10) and (4 .. 11), 
for a rigid pile 
T r 
o 0 
G 
TI rl 
o 0 
G In ( :m) 
where s is the spacing of the pile centres. For equally 
loaded similar piles, 
w = 
s 
TI = T 
o 0 
and rl = 
o 
In [::s ] 
giving 
Thus the load settlement ratio for each of the two pile 
shafts is given by 
p 
s 
= 
21fr Q.. 
o 
= p • &... 
r 
o 
2 1f 
• z;; + In (r /s ) 
m 
(5.2) 
(5.3) 
(5.4) 
where Z;; is the factor defined in equation (4.10), equal to 
In(r Ir ). 
m 0 
5.2.2 Interaction of pile base displacement fields 
The settlement profile due to the pile base is less 
clearly defined. However, considering the base as a rigid punch 
on the surface of a half-space , at large distances the ba se 
will appear as a point load. The settlement around a point load 
decreases in inverse proportion to the radius and is given by 
(T imoshenko and Goodier, 1970) 
() P (1 - \!) W r = 
. 2 1T r G (5.5) 
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The settlement of the rigid punch is given by equation (4.15) 
with n = 1 and so the ratio of the settlements for a given 
load is 
2 r 
o 
1T r 
(5. 6 ) 
From St.Venant's principle w(r) should equal the surface 
settlement caused by the r1Srid punch at large radii and so 
the settlement profile may be approximated by 
w (r) 
r 
o 
= wb . C r (5.7) 
where w(r) is now the settlement profile caused by the pile 
base and the constant c is equal to 2/n (from equation (5.6)). 
The profile given by equation (5.7) is compared to the true 
profile in Figure 5.1 and it may be seen that agreement is 
very good for r > 2 r , which is the area of interest. Clearly 
o 
the effect of the base loading falls off more rapidly than that 
of the shaft loading, given by equation (4.11). 
The equivalent expressions to equation (5.2) are 
W-1 = 
l?b(l-v)nc 
4 s G 
and thus the settlement of the pile base is given by 
Pb(l-v)n 
4 r G 
o 
5.2.3 Load settlement ratio of interacting rigid piles 
(5.8) 
(5.9) 
Equations (5.4) and (5.9) may be combined for the case 
of two rigid piles \by equating the shaft and base settlements 
and sun~ing the respective loads. Thus the overall load 
settlement ratio of each pile is 
2 n (5.10) 
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For a given load per pile, the s e ttlement calculated from 
equation (5.10) is more than that for a single pile (equation 
(4.17)). ~he increased settlement may be expressed as an 
interaction factor in the form 
:::: (5.11) 
where wt and wt represent the head settlement of a pair 2 1 
of piles and a single pile respectively. The interaction 
factor a
v 
as ~iven by equation (5.11) may be calculated from 
equations (5.10) and (4.17) for a variety of pile slenderness 
ratios and spacings. The results are compared to values 
calculated from integral equation analyses for piles in an 
homogeneous soil, with Poisson's ratio of v = 0.4, in Figure 
5.2(a). It may be seen that there is reasonably good agreement 
between the two sets of results, particularly for pile spacings 
of practical relevance (5 , sJro ~ 20). The semi-analytical 
model tends to underpredict the interaction between piles 
compared to the integral equation method especially for piles 
of tJro < 40. However, in a real soil, the non-linear nature 
of soil deformation will lead to less interaction than pre-
dicted from a linear elastic analysis so the approximate method 
pre sented in this section may yield more realistic predictions 
of pile interaction. 
Another reason why interaction factors predicted by 
elastic analyses tend to be higher than those encountered in 
practice is that the factors have been derived for piles in 
homogeneous soils (Banerjee, 1970; Poulos, 1971) whereas the 
stiffness of real soil often increases with depth. As has been 
pointed out by Banerjee and Davies (1977), the interaction 
between piles decreases qS the degree of vertical inhomogeneity 
increases (i.e. p varies from 1 down to 0.5). This decrease 
is partly a reflection of the higher proportion of load taken 
by the base of a pile in a Gibson soil compared to an homo-
. geneous soil. Figure 5.2(bl shows typical curves of inter-
action factor a against pile spacing for piles of slenderness 
v 
ratio llr = 40 embedded in soils of different degrees of 
o 
inhomogeneity (v = 0.4). It is of interest to note, from the 
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form of equa tion (5.10), that the interaction factor for 
a pair of piles of a given slenderness ratio in a Gibson 
soil (p = 0.5) is the same as that for a pair of piles of 
twice the length (for the same spacing and pile radius) in 
an homogeneous soil. 
Although interaction factors are useful for giving some 
indication of the increase in settlement of one pile due to 
a neighbouring pile, they neglect an important feature of the 
result in equation (5.10), which is the transfer of a higher 
proportion of load to the pile base than occurs for a single 
pile. This is due to the greater interaction which occurs 
between the shaft displacement fields than the base displace-
ment fields, leading to more load being transferred to the 
pile base in order that the shaft and base displacements of 
each pile should match. Experimental evidence for this has 
been produced by Ghosh (1975). 
Before progressing to general groups of piles where the 
load will not be equally shared between the piles, it should 
be pointed out that the result in equation (5.10) for a pair 
of similar piles may be readily extended to any sy~netrical 
group of piles. The corresponding expressions for groups of 
three piles (at the corners of an equilateral triangle of 
side s) and four piles (at the corners of a square of side s) 
are given below: 
4 s + 51, 
(2 r c + s) p r 
o 0 
2 TI (5.12 ) 
n(l-v) 
and 
(5.13) 
The results . for groups containing one, two, three, and four 
piles are compared to the results of integral equation analyses 
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obtained by Ba nerjee (1970) in Figure 5.3. Good agreement 
may be observed over a wide range of pile slenderness ratios. 
5.3 ANALYSIS OF RIGID PILE GROUPS 
In a general group of piles, each pile may take a 
different share of the total load and may also be of different 
radius (al though only groups of piles all of the same length 
will be considered here). The concept of swnming the settle-
ment contributions of each pile, expressed in equation (5.1) 
for two piles, must be generalised so that, for the jth pile 
in a group of N piles, the shaft settlement is 
N N 
w j 
s = L i w = 1 G \' i . i [. TO ro In ( :~) (5.14) i=l i=l 
where si = r for i = j . The right hand side of these 
o 
equations may be evaluated in terms of constants times the 
i 
unknown shear stresses T • The N values of w may be related 
o s 
to the N values of TO by the matrix equation 
(5.15) 
In a similar manner, the base settlements may be evaluated 
from 
w j == 
b 
c(l-v)n 
4 G 
N 
L 
i::::l 
p i 
b 
i 
s 
c r 
o 
for i = j) 
This leads to a matrix equation relating the base settlements 
wb to the base loads Pb: 
(5.16) 
(5.17) 
For rigid or very stiff piles (~J(~ /ro)2 ~ 10), ~s = !b and, 
for a rigid pile cap, w i = w j. Thus equations (5.15) and 
s s 
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(5.17) may be inverted to give values of Toi and Pb
i for a 
given pile cap displacement. From these values, the overall 
and average load settlement ratios for the pile group may be 
calculated. 
When applying this method, care must be taken over the 
choice of r , the limit of influence of a pile. Clearly a 
m 
pile group is going to have a more extensive zone 6f influence 
than a single pile of the same length. A qualitative explan-
ation has been given concerning the dependence of r on the 
m -
vertical stresses set up along the line AB (Figure 4.1(a)) 
separating the upper and lower soil layers. If the base of 
the pile group is considered as a single large rigid punch, 
then the deformation of the lower soil layer will decrease 
more gradually with radius and thus the interactive vertical 
stresses will be reduced, giving higher values of r. For 
m 
piles at the centre of the group, the vertical stresses along 
AB will not start until beyond the furthermost pile. For -this 
reason, the value of rm should be increased by at least the 
semi-width of the pile group. Thus the radius of influence 
of each pile may be written 
P (I-v) + r g (5.18 ) 
where r is a suitable dimension of the group. For square g 
pile groups, rg may be taken as the radius of the circum-
scribing circle. For rectangular groups, it is probably best 
to take rg as half the average side length of the group. 
Determination of the best value of r to be used in equation (5.18) g 
requires correlation with a wider range of analytical and 
experimental results than is at present available; however, 
the actual value chosen is not critical as it only contributes 
to logarithmic terms in equation (5.14). 
Calculated values of the load settlement ratios of 
individual . piles in a 3 x 3 pile group are shown in Figure 5.4(a) 
for an incompressible (v = 0.5) homogeneous so:Ll. The pile 
spacing was 5 rand r was taken as 6 r. Agreement with 
o g 0 
curves taken from the thesis of Banerjee (1970) is reasonable, 
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being less good at low pile lengths. Because the model under-
predicts the interaction between piles ,as discussed in section 
5.2.3, the load settlement ratios for the piles in the group 
are overpredicted by comparison with the integral equation 
method. The equivalent results for a 3 x 3 pile group in a 
Gibson soil at the same spacing are shown as full lines in 
Figure 5.5. It may be seen that the range of loads taken by 
the three pile types is less, for a given slenderness ratio, 
in the Gibson soil than the homogeneous soil. As for the case 
of only two piles, the interaction for a group of 'piles of a 
given length in an homogeneous soil, is the same as that for 
an equivalent group of piles, but of twice the length, in 
a Gibson soil. Although the integral equation method has been 
extended to the analysis of piles in a Gibson soil (approximated 
as a number of finite layers), no comparison with the results 
of such an analysis can at present be made due to the lack of 
appropriate published results. 
5.4 ANALYSIS OF COMPRESSIBLE PILE GROUPS 
The approach of section 5.3 may be used to analyse 
compressible piles except that some modification will be 
necessary since the values of wand wb will be different, as 
~s ~ 
will the individual terms of the vectors LW i ~ w j except at s T s 
the ground surface). The deflections down each pile may be 
related to the deflection of the head of the pile by means of 
equation (4.30) and the load transmitted down the pile. 
Equation (5.14) will be assumed to hold for the deflection ' and 
shear stress at a point midway down the pile shaft. The 
analysis will be carried out assuming unit displacement of the 
pile cap, and thus of each of the pile he~ds giving 
w = 1 (unit vector)). 
",t 
5.4.1 Compressible pile groups in an homogeneous soil 
Equation (4.30) may be written in an approximate form as 
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r 
W (z) = Wb cosh[~(~-z)J ~ ( ~2(.Q,_Z)2) 
- wb 1 + 2 
'l'hus ( p2.Q,2 ) = w(,Q,/2) 
'" wb ( 1 wt '" wb 1 + -2- W s 
From these expressions it may be deduced that 
W 
S 
/ 
(5.19) 
+ p~.Q,2 ) (5.20 ) 
(5.21) 
This is the first equation r e lating the three relevant dis-
placements down the pile. In addition, since the average load 
transmitted down the pile is given by 
P 
av 
r 
o 
.Q, T 
o = 
the compression of the pile may be expressed as 
'" P av TT r 2 
o 
(5.22) 
(5.23) 
This second ~qua -tion relating the displacements at the pile 
extremities to the transmitted load enables the complete 
solution to be found by means of a simple iterative procedure. 
From a solution assuming rigid piles, where W = wb = I, 
~s ~ 
values of Pt and Pb are calculated. Equation (5.23) then 
enables a new estimate of wb to be made from 
i R,( Pt i + P b i) 
wb = 1 - 2 TT r 2 A G (5.24) 
o 
New estimates of W may then be obtained from equation (5.21) 
s 
before re-solving the equations (5.15) and (5.17) to provide 
revised value s for ~o and ~b. The procedure is repeated until 
convergence is achieved - normally after four or five 
iterations. 
This method has been used to analyse the same 3 x 3 pile 
group as in section 5.3 but for compressible piles where 
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A = E /G = 6000. The load settlemen-t ratios for the three 
- p 
different pil ~ types are compared in Figure 5.4(b) to those 
given by Banerjee (1970). Agreement between the two sets of 
result s is reasonably good particularly at the longer pile 
lengths. The compress ibility of the piles has the effect of 
reducing the range in loads taken by the differe nt piles 
within the group. 
5.4.2 Compressibl e pile groups in a vertically non-homogeneous 
soil 
The analysis leading to equation (4.30) in section 4.5 
does not apply to piles in non-homog e neous soils, although 
the overall results given by equations (4.31) and (4.44) have 
been found to be sufficiently accurate. In order to find the 
equivale nt f orms of equations (5.21) and (5.23) for piles in 
a soil where the stiffness increases with depth, it is necessary 
to return to the equations governing the compress ion of the 
pile. The analysis will be developed for a pile in a Gibson 
soil where p = 0.5. It will be assumed that the shear stress 
on the pile shaft varies proportiona lly with depth (see 
Figure 4.l0) ~ Thus 
T == k z 
o 
(5.25) 
Also equa tion (5.14) will be assumed to hold for the conditions 
at the pile mid-depth. Writing the average shear stress as T , 
o 
w j == _1_ Y T i roi ln ( rsm1' ) _ s P G,Q, i==l 0 (5.26) 
where p G~ is, from the definition of p, the shear modulus 
at the pile mid-depth. 
Following the analysis of section 4.5, the equations 
governing the pile compression are 
dP(z) 
dz = - 2n r kz o 
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(5.27) 
dw(zL 
= 
p (z) 
dz 7f ro 2 A G~ (5.28) 
Thus d 2 w(z) 2 kz 
dz 2 = r A G~ 0 
(5.29) 
Using the boundary conditions of w (~) = wb and 
(c3W) dz z=~ = equation (5.29) may be integrated 
to give 
Thus 
wt = wb + 
w(~/2) W = s 
r 2 
o 
~Pb 
7f r 
0 
2 A 
= wb + 
G~ 
1 
2 
k U - z ) + ~3-r--;;-\-=G­
o 1\ t 
+ 2 
k~3 
. 
ro A 3 Gt 
~Pb + ~ 
2 A G~ 8 7f ro 
(5.30) 
(5.31) 
k~3 
. 3 r A G~ 0 
(5.32). 
There is no simple exact expression equivalent to equation (5.21), 
but a reasonable approximation (bearing in mind that the middle 
term in equations (5.31) and (5.32) is small compared to the 
other two) may be written as 
(5.33 ) 
The total compression of the pile may be obtained from 
equation (5.31) by substituting for the average shear stress, 
k~/2F in terms of the overall load. 
(5.34) 
Thus 
(5.35) 
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The procedure of solution is identical to that for piles in 
an homog e neous soil, equations (5.33) and (5.35) being used 
instead of equations (5.21) and (5.23) to provide new 
estimates of wand wb after each iteration. ~s ~ 
For the general case of a linearly varying soil shear 
modulus where 0.5 < p < 1, it is sufficient to interpolate 
for the intermediate values of p. Thus the general equations 
for finding the revised values of !b and ware 
~s 
i 1 - £ [(5 - i (1 + 2p) P b i] wb := r 2 2p)Pt + 6 1T A G£ 0 (5.36) 
and 
i 1 [(7 + 2p) i +(5 - 2p) i ] Ws := li wb wt (5.37) 
As a check that this approximate method of treating compressible 
pile groups is satisfactory, the method may be used to calculate 
the load settlement ratios of a single pile for different values 
of p. Table 5.1 shows a comparison of results calculated 
(a) from finite element analyses, (b) from the semi-analytical 
model of Chapter 4 (equation (4.44)), and Cc) from the approx-
imate method outlined above, for a pile of stiffness ratio 
~ := 10 3 • There is generally good agreement between all three 
methods, although the approximate method tends to underpredict 
the pile settlement by 10-20% for long compressible piles. 
The broken lines in Figure 5.5 show the calculated load 
settlement ratios for the piles in a 3 x 3 pile group in a 
Gibson soil for v := 0.5. The variation in load taken by each 
pile is further reduced by the pile compressibility although 
the corner piles still take nearly twice as much load as the 
mid-side piles. 
5.5 COMPARISON OF MODEL WITH EXPERIMENTAL RESULTS 
Cooke (1974) has reported the results of vertical load 
tests on a row of three mini-piles embedded in London clay. 
The tubular steel piles were similar to the one described in 
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section 4.8 (Cooke and Price , 1973) but were embedde d to a 
depth of 4.5 m (thus 1 = 4.5 m, ro = 0.084 m, 
E equiv = 30,~00 MN/m 2 ). Back- analysis of tests on the central p 
pile (tes t ed before the adjac e nt piles were installed) gave 
soil parameters (asswlling V = 0.5) of 
p = 0.611, ~ = 684 (5.38) 
Figure 5.6 s hows a comparison of the measured pile and soil 
displacements (taken from Cooke, 1974) with tho s e calculated 
for a single pile using the soil parameters given in equation 
(5.38) (see also Cooke, Price and Tarr, 1978). Comparison 
of equations (4.52) and (5.38) shows that this latter pile 
test gave considerably higher values for the soil stiffnes s -
in spite of being conducted on the same site - possibly due 
to being l e ft for a longer period after installation. This 
would allow the soil to recover more strength as the excess 
pore pressures set up during driving are allowed to dissipa te. 
The approximate analysis for pile group s described in 
the previous section was used to calculate the load settlement 
behaviour of the row of three piles (at a spacing of 6 r ). 
o 
Figures 5.7(a) and 5.7(b) show the pile and soil displacements 
for equal pile head displacements and equal pile head loads 
respectively. Agreement with the experimental results (Cooke, 
1974) is good although the measured displaceme nts appear to 
decrease more rapidly with distance from the piles, than the 
calculate d values. 
Cooke outlined a simple method, based on superimposition, 
for calculating the settleme nts round a pile group from the 
settleme nt pattern around a single pile. The dray/back of this 
method is t~at it fails to t ake account of the higher proportion 
of load transferred to the pile base when there are neighbouring 
piles. Figure 5.8 shows the proportion of load taken by the 
pile base for single piles and for groups of four and nine 
piles. The theoretical results are in broad agreement with 
experimental results from model tests conducte d by Gho s h (1975) f 
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although slightly overestimating the amoun t of load trans-
mitted to the bases of pile groups. 
Although one of the main purposes in developing the 
semi -analytical mode l of pile behaviour was to simulate the 
results of the computer techniques, thereby giving large savings 
in cost, it is clearly important that the model should fit 
experimental results as well. The model has been successfully 
extended to include group effects of piled foundations. For 
groups of piles it has been necessary to introduce a further 
factor, r , in order to extend the maximum radius r at which g . m 
the effect of the pile group is still noticeable. With this 
factor, the variation of group efficiency with pile spacing 
shows good agreement with experimental results. Figure 5.9 
shows a comparison with tests on a 5 x 5 group of model piles, 
conducted by Whitaker (1957). The calculated settlement ratios 
(ratios of settlement of pile group over that of a proportionally 
loaded single pile) are in general agreement with the ex-
perimental values. The discrepancies at low pile spacings are 
discussed further in section 5.S. 
5.6 NON - LINEAR SOIL DEFOR}1ATION 
Throughout the development of the analytical model of 
pile behaviour, it has been assumed tha-t the soil deforms 
linearly. This assumption has enabled a comprehensive model 
of pile-soil interaction to be built up where the deformation 
of the soil is characterised by a single secant shear modulus 
which, although it may be non-homogeneous, does not vary with 
stress level. Such an approach is sufficient when back-analysing 
pile tests in order to obtain design parameters for the soil, 
but if these parameters are to be obtained from laboratory 
tests then, for many soils, the effect of the non-linearity of 
deformation must be considered. This effect is likely to be of 
considerable importance when relating the performance of a 
group of piles to that of a single pile. 
It should be pointed out that the emphasis is still intended 
to be on the deformation of a pile at working loads rather than 
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endeavouring to predict the complete load deformation curve. 
It was mentioned in Chapter 3 that a facility was incorporated 
in the integral equation method for allowing relative slip 
between the pile and the soil. This is really equivalent to 
assuming an ideal elastic, perfectly plastic, stress-strain 
curve for the soil and, as such, is somewhat artificial for 
most soils. In effect, the deformation at working loads is 
calculated from the linear part of the load settlement curve 
(before any of the pile elements have slipped relative to the 
soil ) and the remainder of the analysis merely indicates, in 
an approximate manner, the deformations likely to cause failure 
of the soil along part or all of the pile. These deformations 
are only of interest in a few applications such as very long 
compressible piles or some underreamed piles where parts of 
the pile shaft develop their ultimate shear stress below 
,,,or king loads. 
In order to quantify the effect on pile deformation of 
a non-linear stress-strain curve for the soil, this curve must 
be capable of being expressed in terms of a mathematical 
expression. One of the most convenient approximations for the 
soil stress-strain curve is the hyperbolic formulation described 
by Duncan and Chang (1971). They used this formulation to 
model the curves produced from standard triaxial tests on 
samples of soil. Since soil is a plastic material, where the 
strains are dependent on the stress path as well as the stress 
level, it is important that parameters for the hyperbolic curve 
fitting are obtained from a test where the stress path is 
similar to that of the problem in question. If the hyperbolic 
approximation is to be used for the study of pile behaviour, 
then the stress-strain curves to be approximated must be 
obtained from simple shear tests where the form of loading 
closely resembles what happens round the shaft of a pile. If 
the base behaviour of the pile is also to be modelled in the 
same way, then it will be necessary to derive different hyper-
bolic expressions from, say, plate loading tests. 
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5.6.1 Hyperbolic stress-strain curves 
The form of the hyperbolic stress-strain curve for 
triaxial tests is (Duncan and Chang, 1971) : 
(5 .39 ) 
where 01 and 0 3 are the major and minor principal stresses 
and El is the axial strain. The constant a is the inverse 
of the initial slope of the stress strain curve (Figure 10(a)), 
and b is a constant which is given by 
b = (5. 40) 
where (0 1 - 03)f is the failure deviator stress. The factor Rf 
is an empirical constant which is the ratio between the failure 
deviator stress and the asymptotic deviator stress (see Figure 
5.10(a)). Rf may be adjusted to give the best fit to the 
stress - strain curve and is normally between 0.5 and 1.0. Note 
that a and b may best be found by plotting El~Ol - 03}, against 
£-1 ( see Figure 5.10 Cb)) . 
The relevant form for a shear test is 
T := y 
a +- _,b Y (5.41) 
where 1 b = 
Rf G. is the initial shear modulus a = G. T f 1 1 
and T f is the failure shear stress. The secant shear modulus 
at any stress level is given by 
G T 1 1 (1 - b T) = - = = y a + b Y a (5.42) 
Thus 
G G. ( 1 - T 
Rf ) = 1 T f (5.43) 
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Of particular significance when comparing a non-linear 
analys is with an equivale nt linear analysis is the secant 
modulus at some fraction of the ultimate shear stress. It will 
be shOvffi b elow that the value at one third the ul -timate shear 
stress is a suitable value to take for the linear analysis. 
This value for the secant shear modulus may be written 
= (5.44) 
where Gl / 3 stands for the secant shear modulus at one -third 
of the failure shear stress. Typical shapes of the stress-
strain curve for three differe nt values of Rf are shown in 
Figure 5.11. 
The h yperbolic formulation of the soil stress-strain 
curve is particularly simple to apply to the analysis of piles. 
The expres sion for the shear modulus (equation (5 .43) ) may be 
inserted into equation (4 .34 ) (section 4.6.1) to give 
r r 
m m 
f 
dr L r 
f 
dr (5.45) 0 0 Rf w = L r = s 0 0 Gr G. 
r(l 1 - L 
r r 
L f 
0 0 
Now the inverse variation of the shear stress with radius 
(equation ( 4.7 )) may be substituted for L in equation (5.4 5) 
to give 
r 
m 
L r 
f 
dr 0 0 
w = s G. 
1 L 
0 
ro r -
Pe~for~ingthe integration leads to 
L r 
o 0 
w = s G. 
1 
In where 
(5.46) 
r Rf 0 
L f 
l/J = (5.47) 
Lt is conve niefit to write this equation for the settlement of 
the pile shaft in the same form as equation (4.10) taking Gl / 3 
as the relevant shear modulus. 
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Thus 
where 
w 
s = s' 
T r 
o 0 
Gl / 3 
(5.48) 
It i s , in theory, possible to modify the load settlement 
ratio of the pile base so that it varies with stress level. 
However, since the stress path will be different, there is 
little justification for using the sa.me formula for the secant 
modulus. There is also the point that for driven piles, the 
remoulding of the soil and the residual stresses near the pile 
base may well cause the relevant secant shear modulus to start 
off smaller than the initial slope of the stress - strain curve. 
For this reason, and because the pile base behaviour plays 
only a small part in the overall load deformation pattern up 
to the point of shaft failure, it seems that the simplest 
solution is to take a constant value of shear modulus in 
equation (4.15) and, as a first approximation, ignore the change 
in modulus at the pile base with stress level. Considering 
the relatively low stress levels at the base of the pile at 
working loads (Burland and Cooke, 1974) it is reasonable to 
take the secant shear modulus at one third the ultimate shear 
stress, Gl / 3 , for this shear modulus. 
The new expression for the overall load settlement ratio 
of a rigid pile is 
(5.49) 
where s' is defined in equation (5.48) and Gl / 3 is the value 
of secant shear modulus at one third of the ultimate shear 
stress at the level of the pile base. The factor p is equal 
to G. (,Q,/2)/ G. (,Q,). For a compressible pile it is reasonable 
1 . 1 
to extend the similarity with the linear elastic analytical 
model to give 
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Pt 
[n (l~\i) + 21T 9, tanh (p '9, ) J [1 + 4 = p . n(l-v) Gl / 3 r wt s ' r ]1'9, 0 0 
tanh (]1' 9,)] -1 1 (5.50 
TIA ]1'9, 
where ]1' [v 2 A J ~ and A Ep/G l / 3 = 2 = r 
0 
Neither equation (5.49) nor (5.50) give the load settlement 
ratio explicitly since, in effect, T (the average shear stress 
down the pile shaft) occurs on both sides of the equations. 
To obtain the settlement at a particular load Pt' an initial 
value of T is guessed (e.g. T = Pt /(21T r 9,» and the o 0 0 
settlement at the pile top and base are found. From the value 
of wb ' Pb may be determined and thus a new value of To obtained 
from 
T = 
o 
(5.51) 
This iteration may be repeated for each load until convergence 
is achieved; this is normally very rapid. It should be noted 
that for non- homogeneous soils, it is assumed that Tf/Gi is 
constant with depth and the value of To and Tf in the 
expressions for s' and ~ (equation (5.48» are average values, 
at the pile mid-depth. 
The crucial difference between the expression in equation 
(5.50) and that for the linear elastic model is in the value 
of 1;;'. This value depends on the stress level, TO/Tf' and 
also on the factor Rf . It is instructive to plot the ratio 
of 1;;' to the corresponding linear parameter 1;; against stress 
level for different values of Rf.Figure 5.12 shows such a 
plot for a pile of slenderness ratio 9,/r
o 
= 40, in an incom-
pressible Gibson soil (p = v = 0.5). It may be seen that 
these curves remain reasonably linear over a much greater range 
in TJTf than the corresponding curves in Figure 5.11. In 
addition, the contribution from the pile base leads to further 
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reduction in the curvature of the load deformation curve for 
a pile, as is shown in Figure 5.13 for the same pile and soil 
properties as in Figure 5.12 (t/r = 40, p = v = 0.5, 
o 
E /G. (~) = 10 3 ). Both these figures show that an equivalent p l 
linear analysis t ak ing a value of shear rrodulus of Gl / 3 is 
sufficient to give a reasonable estimate of the pile deformation 
at working loads. The linearity of the pile load settlement 
curve even for markedly non-linear soil stress-strain curves 
has been found experimentally by Butterfield and Ghosh (1977) 
and Cooke, Price, and Tarr (1978). 
5.7 EXAMPLES OF APPLICATION OF NON-LINEAR STRESS-STRAIN 
CURVES TO PILE BEHAVIOUR 
To illustrate the manner in which load deformation curves · 
may be obtained from non-linear stress-strain curves, the 
results of three pile tests in sand will be studied. The pile 
tests were piles TP2, 3 and 10 from the Arkansas Lock and Dam 
No.4 (LD 4 ) and the finite element computations have been 
reported by Desai (1974) . The pile properties were 
ro == 0.205 m, Eequiv.= 23.7xl0 6 p kN/m 2 
Piles 2 and 10: ~ == 16.15 m, 
r = 0.255 m, Eequiv.= 17.5xl0 6 
0 p kN/m 2 
Pile 3: ~ == 16.15 m, 
The finite element analyses were carried out using the 
Duncan and Chang hyperbolic formulation of the stress-strain 
curve. The shear modulus for the sand was given by 
k' 
G == 2 (l+v) 
where k' == 1500 for TP3, 1200 for TP2 and 10; 
n = 0.6 
Rf = 0.9 
v = 0.3 
for TP3, 0.5 for TP2 and 10; 
for TP3, 0.8 for TP2 and 10; 
~or all three piles. 
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(5.52) 
' . 
/ 
The minor principal stress, • 03' has been taken as 
0v' = y'z since Oh > O~; y' ~ 10 kN/m 3 ; the average failure 
stres s has been taken as T f 
For ~. = 32°, this gives 
atmospheric pressure. 
• = 03 tan ~. at the pile mid-depth. 
T f = 50 kN/m
3 ; Pa is the 
Since the analytical model assumes a linear variation of 
shear modulus with depth, equation (5' .52) must be approximated 
by a straight line relationship with depth. The best fit is 
obtaine d with p = 0.6 for all three piles and the initial shear 
modulus at the base of the pile given by 
and 
G.(9,) = 76.9 X 10 3 kN/m 2 for pile TP3 
1 
G.(9,, ) = 68.8 x 10 3 kN/m 2 for pile TP2 and 10. 
1 
Figures S.14(a) a nd (b) show the resulting load displacement 
curves with the experimental results plotted for comparison. 
The agreement is very good up to full mobilisation of shaft 
shear stress. At loads after this point, the slope of the load 
displacement curve will be determined entirely by the pile 
base. The~ dotted continuation of the curves represents the 
reduced stiffness of the pile-soil system as determined by the 
secant modulus, Gl / 3 , at the pile base with n = 0.85 (equation 
(4.15». ' Although this latter extension is somewhat speculative, 
the results of the analysis agree well with the field test 
data at this load level. Normal working loads for piles in 
sand will be in the region of full mobilisation of shaft shear 
stress. 
In the future it is hoped that the measured shear stress-
strain curve from a simple shear test may provide the necessary 
soil parameters for u se in the analysis of pile behaviour. 
In order to illustrate the procedure which might be followed, 
~ theoretical stress-strain curve for the shearing of soft 
clay will be deduced from the modified Cam clay model of 
;Roscoe and Burl~nd (1968) esee also Schofield and Wroth, 1968). 
c 
The Cam Clay model is an ela sto-plastic work-hardening model 
of soil behaviour and it is possible to derive a theoretical 
curve for pur~ shear applied to a soil element under constant 
volume conditions. The soil proper-ties used and the calculated 
stress-strain curve are shown in Figure 5.15(a). Figure 5.15(b) 
shows the hyperbolic approx imation to this curve with the 
appropriate parameters. 
A finite element analysis of a vertically loaded pile 
using the Cam Clay soil model was undertaken using a computer 
program written by Zytysnki (1976). The load-deformation curve 
for a pile of .Q,/r = 40, E = 3 .10 4 ~1N/m2, in a normally con-
o p 
solidated soft clay (properties as given in Figure 5.15(a)) is 
shown in Figure 5.16(a). Also shown on this figure is the load-
deformation curve calculated from equation (5.50) for the soil 
parameters given in Figure 5.15(b) (G. (.Q,) = 3230 kN/m 2 , 
1 
p = 0.5, Rf = 0.9, T f = 30 kN/m
2). The two curves are in 
broad agreement. Figure 5.l6(b) shows a typical stress path 
for an element of soil next to the pile, half-way down the 
pile shaft. The finite element analysis and the analytical 
model give similar forms for the effective stress path. It 
should be noted that the theoretical stress path from the 
simple shear test at constant volume gives no information 
regarding the pore pressures. A full finite element analysis 
is needed for this. The incremental form of the finite element 
solution leads to a stress path which is outside the true, 
undrained, path. 
There are many obvious shortcomings in the exercise 
descrj.bed above - particularly with regard to the installation 
of the pile which has been ignored at this point. The object 
was merely to show that the simple analytical model is capable, 
in principle, of predicting pile behaviour in non-linear soils. 
por practical purposes, the adequacy of a linear analysis based 
on the secant shear modulus Gl / 3 is the most significant result 
to emerge from the study of non-linear soil deformation. 
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5.8 CONCLUSIONS 
The semi-analytical model for a single vertically loaded 
pile has been extended to the analysis of pile groups using 
the principle of superposition. For a general pile group 
(the only restriction being that all the piles must be of the 
same embedded length) the analysis is conducted in terms of the 
settlements of the pile mid-depth and pile base, the mean 
shear stress down the pile-soil interface, and the load on the 
pile base. As in the case of a single pile, the assumption 
is that the load transfer characteri~tics of the pile shafts 
may be considered independently from those of the pile bases. 
Comparison of the model with rigorous integral equation 
analyses of piles in homogeneous soils has shown generally 
good agreement although the interaction between piles has 
tended to be underestimated by the approximate method. It is 
considered that this reduced interaction may be more realistic 
for application to piles in non-linear soils and comparison 
of the method with model and small scale pile group experiments 
has confirmed this. 
The effect of non-linear soil deformation on pile -behaviour 
has been studied by means of math~matically modelling the soil 
stress-strain curve. A hyperbolic formulation enables the 
secant shear modulus to be related to the stress level by a 
simple linear relationship. Since the stress level in the 
soil round the pile shaft is known from equilibrium consider-
ations, the shear strain at a given radius may also be 
calculated and then integrated in the same manner as for a 
pile in a linear elastic soil. It has been shown that the load-
deformation curve for the pile is markedly less curved than 
the stress--strain curve for the soil and that a reasonable 
linear approximation may be made by taking an appropriate secant 
shear modulus. The secant modulus at one third the ultimate 
shear stress was found to be most suitable for this purpose 
for the hyperbolic formulation. For different shapes of soil 
stress-strain curve, other secant moduli may turn out to be 
more appropriate. 
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Preliminary studies of the accuracy of the model for 
piles in non- linear soils were made by comparing the pile 
deformations predicted with those from finite element studies. 
Using the modified Cam Clay model (Roscoe and Burland,1968) 
a theoretical stress-strain curve may be calculated for the 
simple shearing of soil under undrained conditions. By 
approximating this curve to a hyperbola, the load-deformation 
curve for a pile in the same material may be predicted. This 
curve agreed reasonably well with that produced by a finite 
element analysis using a Cam Clay elasto·-plastic model. However, 
it should be noted that much informab.on becomes unavailable 
if a hyperbolic approximation to the soil stress-strain curve 
is used, particularly with regard to the excess pore pressures 
set up during loading of the pile. 
Although the method of analysing piles in non-linear 
soils may not easily be applied to pile groups, it is possible 
to discuss qualitatively the effects of soil non-linearity. 
It has been shown that the deformation of a single pile may 
be adequately calculated, up to full mobilisation of shaft 
friction, by using a single secant shear modulus. 
If pile groups are analysed using a similar value for 
the shear modulus then there will be two main effects: 
(i) Because the distribution of strains in the real soil is 
different from that predicted assuming a linear soil, 
the interaction between piles will be overpredicted by 
the linear model. In a real soil, the displacements 
round a pile decrease more rapidly with distance from 
the pile than is predicted by elastic analySes; 
(ii) the higher stress level in the soil caused by the presence 
of more than one pile will soften the soil. Thus the use 
of the same secant shear modulus as for a single pile 
will lead to an underestimate of the settlement of the 
pile group. 
These two effects, to some extent, counteract each other; 
however, it is likely that the second effect will be the 
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dominant one. The high settlement ratios measured by 
Whitaker (195') at low pile spacings (Figure 5.9) are 
probably due to softening of the soil when a large number 
of closely spaced piles are driven and loaded. The settle-
ment ratios predicted from the elastic model are too low as 
they fail to take this softening into account. 
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CHAPTER 6 - ANALYSIS OF SINGLE HORIZONTALLY LOADED PILES 
6.1 INTRODUCTION 
The problem of a horizontally loaded pile is much more 
complex than that of a vertically loaded pile and does not 
lend itself to simple analysis . In the case of a vertically 
loaded pile, the whole of the pile undergoes movement and, 
except for very compressible piles , the shear strains in the 
soil adjacent to the pile shaft are comparable over most of 
the length of the pile. The failure of a vertically loaded 
pile is a function of the soil strength alone and not (except 
in the case of buckling of end-bearing piles) a function of 
the pile material. In contrast, for a horizontally loaded pile, 
most of the movement may be expected to be confined to the 
upper third or half of the pile and , over this region, the 
strains induced in the adjacent soil will vary by an order of 
magnitude. The failure of a horizontally loaded pile is less 
well defined than for a vertically loaded pile and will often 
result from fai lure in bending of the actual pile. 
Thet,hree main methods of calculating the deformation 
of a horizontally loaded pile are by finite element analysis, 
integral equation analysis, and load transfer function analysis 
(see Chapter 2). The most common method of analysis has been 
the load transfer approach using a linear load transfer function 
(Reese and Matlock , 1956; McClelland and Focht, 1958; Matlock 
and Reese, 1960). For this Winkler type of analysis the soil 
is idealised as a number of linear springs down the side of 
the pile (Figure 2.6) and it is necessary to estimate the 
coefficient of subgrade reaction of the soil for the particular 
pile properties and loading conditions. Due to the manner in 
which the soil is modelled, no information is available concerning 
the pattern of moveme nt in the soil around the displaced pile. 
Thus the effect of neighbouring piles and the general behaviour 
of a horizontally loaded group of piles cannot be estimated 
using this method of analysis. 
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More rec e ntly, the integra l equation method has been 
applied to the analysis of horizontally loaded piles (Poulo s , 
1971(a), 1971(b), 1972(a)). The idealisations of the pile 
in this approach have b e en discussed in Chapter 3 where it was 
pointed out that the me thod is not rigorous when applied to 
this form of pile loading. The main advantage of integral 
equation ana lysis is that, since the soil is treated as a 
continuum, groups of piles may be analysed very efficiently 
(Banerjee and Driscoll, 1974). In particular, the interaction 
between a pair of similarly loaded piles may be calculated 
and, by adding a number of these interaction fac ·tors, the 
stiffness of a group of piles may be calculated in terms of 
the stiffness of a single pile (Poulos, 1971(b)). Although 
the method may be applied to non- homogeneous soils (Banerj ee, 
1976; Banerjee and Davies, 1977), little published work is 
available for the case of lateral loads. In practice, therefore, 
integral equation analy s is is at present limited to piles in 
homog e neous soils. For horizontally loaded piles, there is a 
large variation in strain level in the sbil adjacent to the 
pile shaft and thus, in the majority of soil types, the relevant 
soil modulus is much smaller near the surface, where the 
strains are large, than at depth. For this reason, the assumption 
of an homoge neous soil is probably unrea li s tic. 
The only rigorous method of analysis for horizontally 
loaded piles is . the finite element method. The Fourier technique 
of dealing with an asymmetrically loaded, axisymmetric structure 
makes the analysis of horizontally loaded piles economically 
viable. This technique has been used to study the problem of 
a single horizontally loaded cylindrical pile embedded in a 
linear elastic (though not necessarily homogeneous) soil. As 
well as conducting a full parametric survey of the problem, 
specific results from this analysis have been compared with 
those from the other two types of analysis in order to quantify 
the effects of the var ious idea lisations. Although this type 
of finite element analysis is restricted to a single pile, the 
;nanner in which the movement s .round the pile vary with distance 
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from the pile may be studied to give estimates of the likely 
interact fun between neighbouring piles. 
Before comparing the different methods of analysis, it 
should be emphasised that there is a wide difference in cost 
between the three methods. The Winkler type analysis is by 
far the simplest and quickest (by a factor of up to 1,000) but, 
unless there are independent means of estimat ing the coefficient 
of subgrade reaction and the interaction between neighbouring 
piles, this may well be a false economy compared to the finite 
element method. The integral equation method of analysis, as 
used here, falls midway between the other two in cost, but is 
restricted to piles in homogeneous soils. 
6.2 LINEAR LOAD TRANSFER ANALYSIS OF HORIZONTALLY LOADED PILES 
The method of analysis of hoiizontally loaded piles which 
idealises the soil as a Winkler model has been considered 
extensively by Matlock and Reese (1960). They defined a co-
efficient of subgrade reaction, k (Matlock and Reese used the 
term 'modulus' of subgrade reaction, but to avoid confusion with 
actual soil moduli, the term 'coefficient' is preferred here) 
which is the ratio of the normal force per unit length of pile 
at any particular level, to the deflection of the pile at that 
level. They presented dimensionless charts which enable the 
load deformation characteristics of a pile to be calculated 
for different variations of k with depth. 
It is helpful to sununarise here the results for piles 
embedded in a soil modelled by a coefficient of subgrade 
reaction which varies linearly with depth as 
k = k + k'z 
o 
* (6.1 ) 
It has already been pointed out that it is only the upper part 
of the majority of piles encountered in practice which deflects 
under horizonta l loading. This implies that the length of the 
* It should be noted that k' has different dimensions than 
k and k
o
' The prime denotes differentiation with respect 
to dep th. 
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pile i s not a basic parameter except for short stiff piles . 
The discuss ion below will be concerned a lmost entirely with 
piles which a~e longer than some 'critical' length, 1 , at 
c 
which further increase in length does not affect their . hori -
zontal load- d eformation behaviour. An indication will be given 
at the end of the section as to how the results should be 
modified for application to piles that are shorter than their 
critical length. 
6.2.1 Dime nsional analysis for piles in a Winkler medium 
(a) Constant coefficient of subgrade reaction 
The deflection, u, and the rotation, e, at the top of 
the pile will be a function of 
(El) p the bending rigidity of the pile; 
the horizontal force; 
the applied moment; 
the coefficient of subgrade reaction for the soil. 
Thus 
u = (6 • 2 ) 
which has dime nsions of 
The two independent dimensional groups [L] and [M T- 2] may be 
elminated using (El) and k to give p 0 
u (Ph 
-[-(E-l-)-/·k J l / 4 == f2 k [(El) /k Jl/2 
p 0 0 p 0 
_____ M_h____ )(6.3) 
k [(El) /k J3/4 
o P 0 
Since the deflection u must be independently proportional to 
both Ph and Mh , the deflection must be of the form 
u == 
. 'I 1 
[ (El) /k]~/4 p 0 
(6.4(a» 
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Similarly, the rotation, e, at the top of the pile is given by 
1 Mh 1 
. -C-(E-l-) -/-k-J 1/2 + c 3 . ko . [(El) /k J 3/4 
pop 0 
(6.4(b)) 
where u se has been made of the reciprocal theorem in establishing 
the constant for rotation under horizontal force loading. 
Hetenyi (1 946) has analysed the related problem of a 
beam on an elastic foundation and has shown the constants to 
be hyperbolic and trigonometric functions of 'i/[CEl )p/k
o
Jl / 4 
where 9., is the length of the beam (or pile). For piles whose 
length is greater than 4[ (El)p/k
o
J l / 4 , the constants are 
given by cl = c 3 = (2)1/2, c 2 = 1. The critical length may thus 
be defined as 
'ic = 4 [(El) /k ] 1/4 P 0 
and equation (6.4) may be written as 
P (9., -1 M 9., -2 
u ~ 1. 41 k:' 4 c ) + k: ( 4 c ) 
(6. 5 ) 
(a) 
(6.6) 
-2 -3 
e ~ ::- Cc) + 1. 41 :: ( ~ c ) (b) 
(b) Coefficient of subgrade reaction proportional to depth 
The functional form for u and e for the case where the 
coefficient of subgrade reaction is given by k = k'z 
(corresponding to a Gibson type soil) may be written as 
1 
[(El) /k 'J 2/5 p 
1 
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(a) 
[(El) /k 'J 3/5 
p (6. 7) 
1 
[(El) /k 'J 4/5 p 
(b) 
/ 
Matlock and Reese (1960) found that, for piles longer than 
about 4[(EI)p/k'J l / 5 , the load-deformation behaviour was 
virtually unaffected by the length of the pile. The equivalent 
expression to equation (6.5) is thus 
:= 4[(EI) /k'J l / 5 p (6 • 8 ) 
The difficulty with using the two independent equations 
(6 .5 ) and (6.8) for estimating the critical length of a pile 
in the extreme cases of an homogeneous soil and a Gibson 
type soil, is that there is no simple rule for calculating 
the critical length for the general case. One method of over-
coming this difficulty is to consider the value of the co-
efficient of subgrade reaction at some suitable depth as being 
an ' equivalent ' homogeneous value for use in equation (6.5). 
The use of such ,an ,equivalent ,value ,of the coefficient of 
subgrade reaction, not only in equation (6.5), but also in 
equation (6 .6 ) is discussed in the following section. 
6.2.2 Equivalent coefficient of subgrade reaction 
Fro~ a comparison of equations (6.5) and (6.8), it is 
proposed that the value of the coefficient of subgrade reaction 
at a depth of t /4 should be used when calculating the critical 
c 
length of a pile. Thus 
t := 4[(EI) /k J l / 4 (6.9) 
c p c 
k ( :c) 
9-
where k k + k' c := := . 
"4 c 0 
It may be seen that equation (6.9) reduces to equation ( 6 .8) 
for the case of a Gibson type soil where ko := O. 
Using the author's progrillTI for linear load transfer 
analysis of horizontally loaded piles (see section 3.6), the 
constants in equation (6.7) were found to be c l ':= 2.43, 
c 2 ' := 1.62, and c 3 ' ::::: 1.74. The equation may be rewritten in 
terms of the equivalent coefficient of subgrade reaction to give 
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Comparing this equation with equation (6.6), it is clear that 
the degree of non-homogeneity affects the displacement of the 
pile and, in the same manner as for vertically loaded piles, 
it is necessary to introduce a factor, Pc for the degree of 
inhomogeneity. This will be defined as Pc = k(~C) lie (» 
. = k (~c) Ik
c
. Using this new factor, it is possible to write 
a single set of equations which give the deformation character-
istics of any pile in a general soil whose stiffness varies 
l.inearly with depth. Thus 
P 9,-1 -2 
3 
11 = 1.41 . P (4-p ) 
c c 
k> (4 c) + 2 P (3-p ) 
c c 
(~c) (a) 
/.----~ 3 
1.41 . 
IP (4-p ) 
c c 
(6.11) 
M (9, )-3 ~ ~ (b) k 4 
c 
The simple functions of Pc in equation (6.11) have been checked 
for intermediate 
3% of the values 
of the pile (see 
values of p and give values of u and e within 
c . 
computed from a full load transfer analysis 
Figure 6.1). 
Equations (6.9) and (6.11) enable the load-deformation 
characteristics of any long pile embedded in a linearly varying 
Winkler medium, to be calculated. In addition, it is found 
that the maximum induced moment under horizontal force loading 
is directly proportional to the critical length and may be 
written 
M 
max = 
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. 4- pc (6.12) 
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This max imum mome nt occurs at a d e pth between 3c and 4c 
for most pil~s. For piles where the head is restra i ned from 
rotating, equation (6.11) may be used to calculate the 
necessary fixing moment (such that G = 0) and hence the 
displacement of the fixed head pile. 
The equa tions presented so far apply to piles which 
are longer than their critical length; this covers the majority 
of piles encountered in practice. Occasionally it may be 
necessary to estimate the deformation of a short, stiff pile, 
in which case correction factors must be applied to equation 
(6.11). Figure 6 . 2 shows these factors for the head displace-
ment, u, under horizontal force and moment loading for the 
two e x treme soil types of k = ko and k = k'z. 
6.3 CONTINUUM ANALYSES OF HORIZONTALLY LOADED PILES 
~.3.1 Homogeneous soils 
Before progressing to a parametric study of horizontally 
loaded piles embedded in a uniform continuous (as opposed to 
Winkler type) medium it is necessary to compare the two methods 
of analysis ~ finite element and integral equation - to ensure 
that they agree. It should be noted here, that the integral 
equation analysis of vertically loaded piles models the pile 
correctly and so, given a fine enough discretisation of the 
pile, should converge to the true solution; however, the 
corresponding analysis of a horizontally loaded pile has, in 
the past, idea lised the pile as an infinitely thin strip of the 
same width as the original pile (Poulos, 1971(a)) and this 
idealisation may lead to a consistent error. For exmuple , 
Figure 6.3 shows the deflected pile shape and bending moment 
distribution for a 
E 
stiffness ratio ~ 
pile of slenderness ratio ~ 
ro 
= 0.4 under the 
= 40 and 
action of a = 1,000 for v 
Ph 
horizontal force where Gr 2 = 1. Curves 1 and 2 are the 
o 
results of the finite element and Poulos type integral 
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equation analyses respectively. As may be seen, there is a 
difference of ~ 30% between the sizes of pile tip deflection 
calculated by each method, and also between the values of 
maximum induced bending moment. 
From the test cases discussed in Chapter 3, the finite 
element method is capable of accuracies of ~ 99% in analysing 
a c antilever and ~ 90% in analysing surface tractions on a 
half-space. It thus seems likely that the analysis of a 
horizontally loaded pile should give better than 90% accuracy 
in the calculated deflections and that the discrepancy between 
the .two methods of analysis must have some other cause. Figure 
6.4 shows the distribution of stress resultants in the direction 
of loading (see Figure 3.10) around the pile shaf t at various 
depths, obtained from the finite element analysis for both 
horizontal force and moment loading of the pile. It would 
appear that the stress resultant is reasonably constant round 
the pile shaft at a given depth for horizontal force loading 
and thus a better idealisation of the pile in the integral 
equation analysis is a cylindrical pile with a uniform stress 
resultant over each shaft segment. As discussed in section 3.5, 
the only difference between this idealisation and that for a 
vertically loaded pile is the direction of the stress resultant. 
It would, in theory, be possible to consider the case of a 
. step-wise distribution of the stress resultant around each pile 
shaft segment and thus arrive eventually at the exact solution 
to the problem of a horizontally loaded pile. However, the 
additional computation involved renders this extra sophistication 
unattractive. All subsequent reference to the integral 
equation method will imply idealisation of the pile as a 
cylinder with uniform horizontal stress variation over each 
shaft segment with the displacements calculated at point B, 
as shown in Figure 3.9(c). This idealisation overcomes the 
inadequacy of the thin strip idealisation for modelling cylindri-
calor box piles, where the effect of shear stresses on the 
sides of the pile shaft is ignored. 
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Curve 3 (Figure 6 . 3) shows the computed pile deflections 
and bending moment distribution for the modified integral 
equation analysis and the improved agreement is marked. The 
discrepancy between the pile head displacement given by 
curves 1 and 3 in Figure 6.3(a} is ~ 8%. This suggests that 
the finite element analysis may underpredict the pile dis-
placeme nt s by about 5% but, even so, the idealisation of the 
pile as a thin strip in the integral equation method appears 
to lead to a consistent error of about 25%. Subsequent analyses 
with different pile geometries and stiffness ratios have 
confirmed this conclusion. Indeed, the predicted deflections 
under mome nt loading are some 40% higher than the corresponding 
finite element computed deflections. 
The deflected pile shape and bending moment distribution 
9, E 
for the same pile (- = 40, -EG = 1,000, v = 0.4) under the 
ro 
action of a moment, Mh = Gr~, applied at the top of the pile, 
are shown in Figure 6.5. It may be seen that the deflections 
at the top of the pile computed by finite eleme nt atid integral. 
equation (cylindrical pile idealisation) analyses differ by 
~ 20%. The reason for this maybe found in Figure 6.4(b) 
where the distribution of stress resultant around the pile-
soil interface for this type of loading (from the finite element 
analysi s ) is shown. It is clear that the idealisation of the 
pile as a cylinder where the stress resultants are constant 
round th e pile at a given depth is less good than for the case 
of hori zontal force loading (Figure (6.4(a)). However, the 
cylindrica l idealisation of the pile in the integral equation 
analysis is still substantially better than the thin strip 
idealisa·tion. For both horizontal force and moment loading, 
the bending moment distribution is very close to that predicted 
from the finite element analyses. 
It is possible to find, empirically, a value for the 
coefficient of subgrade reaction which gives the same deflection 
at the top of the pile under horizontal force loading as the 
tinite element analysis. Curve 4 in ~igures 6.3 and 6.5, shows 
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/ 
the resulting deflected pile sha pes and bending moment dis-
tributions under horizontal force a nd moment loading respect-
ively. It may be seen from Figure 6.3 that the result of 
ignoring shear forces between horizontal layers of soil in 
the Winkler type analysis, is to predict greater bending of 
the pile and a max imum bending moment 'V 50% too large for the 
case of horizontal force loading. The response under moment 
loading is closer to the more rigorous analyses although the 
predicted displacement of the pile head is 'V 20% larger than 
computed by the finite element analysis. 
6.3.2 Non-homogeneous soils 
The finite element method has been used to analyse 
horizontally loaded piles embedded in non-homogeneous soils. 
The discussion below will be concerned only with soils whose 
shear modulus varies linearly with depth. For the particular 
case of a soil whose shear modulus is proportional to depth 
(a 'Gibson' soil), in the same way as for a pile in a homo-
geneous soil, it is possible to find an equivalent coefficient 
of subgrade reaction (proportional to depth) which gives 
the same deflection at the top of the pile as the finite element 
analysis. Figures 6.6 and 6.7 show the deflected pile shapes 
and induced bending moments under horizontal force and moment 
loading respective ly for the two types of analysis. It may 
be seen that the Winkler type analysis gives sensibly similar 
results and thus, provided that a suitable value of k' may 
be found, then this much cheaper form of analysis may be used 
with some degree of confidence. The difficulty still remains, 
however/of estimating k' which is affected by the pile properties 
and loading conditions as well as the soil stiffness. 
6.3.3 Dimensional analysis for piles in a continuum 
(a) Homogeneous soils 
There is an important difference between a 'continuum' 
analysis and a Winkler type analysis in that, in the latter 
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d 
case, the only re l e vant d i mens ion is leng t h down the pile, 
wherea s in the former ana lysis, the pile radius must be 
taken into ~ccount. As b e fore, only piles which are longer 
than the ir critical length (moie properly, a critical slender-
9-
c 
ness r at io, s = 
c r 
o 
) will be considered in the first instance . 
The v a riables on which the deflection, u, and the rota tion, e, 
at the top of the pile will depend are 
Thus 
E 
P 
G 
the equivalent Young's modulus of the pile 
(E = (EI) J~4 r 4 ); 
. p p 0 
the shear modulus of the soil; 
Pois s on's ratio for the soili 
radius of the pile; 
hori zontal force applied at top of pilei 
moment applied at top of pile. 
which has dimensions of 
(6.13) 
The dimen s ional analysis follows the same form as in section 
6.2.1. Again, the defl e ction will be independently proportional 
to Ph and Mh and t hus, using G and ro to eliminate the 
dimensional groups [MT - 2] and [L], 
Similarly, the rotation of the pile top may be written 
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(b) Gibson soi ls 
The she ar modulus in the case of a Gibson soil is 
given by G = mz and the equivalent expressions to equation 
(6.14) are obtained by eliminating [MT - 2] and [L] using m 
and r 
0 
to give 
Ph 
f' (~ v) + Mh C v) u = ci mr 2 . , c' · . f' ...J2 (a) 2 mr 2 mr3 :3 mro' 0 0 0 
(6 .15 ) 
e 
Ph 
f' (~ v) + c' · Mh f 4 (:~o' v) (b) := c;2.::-::-:r , mr 4 . mr 3 mr c 
· 0 0 0 
(c) Effect of Poisson's ratio 
Although, to be consistent with the analysis of 
vertically loaded piles, the two independent elastic constants 
for the soil have been taken as G and v, it seems probable 
that the dominant parameter when considering horizontally 
loade d piles may well be Young's modulus E (specifically EH 
for an anisotropic soil ). The question arises as to whether 
only one elastic parameter need be considered, which would 
simplify the parametric study, and if so, whether this para-
meter should be the shear modulus G or Young's modulus E, 
(E cr G(l + v)). It was found, from finite element analyses, 
that if the soil properties only were varied then the resulting 
deflection at the pile head was unchanged provided the value 
of G(l + cv) was kept constant. The constant, c, varied 
slightly with the original pile stiffness and loading conditions 
but a value of c = 0.75 was found to give a good compromise. 
This study of the effect of Poisson's ratio was by no 
means exhaustive but it enabled the parametric survey to be 
simplified considerably. Instead of two parameters G and v, 
a single parameter G* = G(l + 3v/4) (or m* = m(l + 3v/4)) 
was used in equations .(6.14) and (6.15). The errors involved 
in this simplification were estimated, from the results of a 
-107-
large number of finite eleme nt analyses, to be less than 5%. 
6.3.4 Functional form of equations (6.14) and (6.15) 
It must be emphasised at the outset that no attempt 
has been made to deduce the forms of the functions in 
equations (6 . 14) and (6.15) from purely analytic consider-
ations. However, using the experience gained by studying 
the similar problem of a pile in a Winkler type medium it 
has been possible by analogy to arrive at similar expressions 
to equations (6.6) to (6.11) . These expressions have been 
tested by a large number of finite element analyses. 
Figures 6.8 to 6.11 show the variations of the 
dimensionless load deformation ratios u G*ro/Ph , u G*r~/Mh' 
u m*r
0
2/Ph , and u m*r
3 /M with the stiffness ratios E /G* 
o h p 
(homogeneous soil ) and E /m*r (Gibson soil). It may be seen p 0 
that, within the accuracy of the method of analysis, 
u G*r 
o 
---- ~ 0.25 CEp/G*)-1/7 Ca) 
u G*r2 ~ 0.27 (E /G*)-3/7 (b) 
o p 
---
0.54 (E /m*r ) -1/3 
p 0 
0.60 (E /m*r )-5/9 
p 0 
( c) 
Cd) 
homogeneous soil 
Gibson soil 
(6.16) 
Independently, it has been found that the critical slender-
ness ratio, above which lengthening the pile does not affect 
the behaviour at the pile head, is given by 
-108-
s ~ 2 (E /G*)1/3.5 (homogeneous soil) ( a) 
c . p 
(6.17) 
s ~ 2 (E /m*r )1/4.5 (Gibson soil) (b) 
c p 0 
From these observations, it is possible to extract a coherent 
pattern in terms of an equivalent modulus G*, in: the same 
c 
form as equations (6.9) and (6.11) for the Winkler type 
analysis. Thus general expressions . for the pile head deflection 
may be written as 
u ~ 
0.3 
Pc 
where 
Ph 
. G* r 
c 0 
'-3/2 
(~c ) 
(a) 
+ 0.8 k (p ) 2 
C 
-5/2 
. ( ;c ) (b) 
and [ J
l/3.5 
s = 2 E /G* 
c P c 
(6.18) 
Note that the degree of inhomogeneity, P , has been introduced, 
c 
This factor varies between 1.0 for an homogeneous soil and 0.5 
for a Gibson soil. For these extreme cases, it may be seen 
that the expression for the critical slenderness ratio given 
above reverts to those in equation (6.17). For intermediate 
values of Pc' some iteration is necessary in determining G~, 
sc and thence Pc' 
The similarity between equations (6.18) and (6.11) is 
more apparent if equation (6.18) is written in terms of the 
critical length £ instead of the critical slenderness ratio 
c 
sc' Thu~ 
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J,. 
-1 .(~Cr ] (s /2) '2 [ 0.27 Ph . (~C) + 0.3 c Mh ( a) u ~ PcGc 
(6.19) 
!: 
[ 0.3 
-2 
.( ~C fJ (b) (s /2) 2 Ph • (~C) + 0.8 k e c (p c) 2Mh ~ PcGc 
Equation (6 . 19) is often the most useful form for the deformation 
characteristics at the pile head; however, it is helpful for 
. reference to rewrite equation (6 .18 ) in terms of the pile and 
soil stiffnesses for the two extreme soil conditions. For the 
case of an homogeneous soil, equation (6 . 18) becomes 
0.27 
Ph 
[Ep/G* 
] -1/7 
+ 0.3 M [Ep/G* 
J -3/7 ( a) u ~ G*r G:I:r2 
0 0 
( 6 . 20) 
Ph . -3/7 M [ ] -5/7 e ~ 0.3 G*r T [Ep/G 'k ] + 0.8 G*r3 E /G* (b) 
0 0 P 
The constants in equation (6.20) are slightly higher than 
those in equ~tion (6 .16) but, since the finite element tends 
to undere s timate the deformations particularly for the case of 
an homogeneous soil, the values given in equation (6.20) are 
probably closer to the true results. The corresponding 
equation for the case of a pile in a Gibson soil is 
Ph ] -1/3 Mh [ ] -5/9 
u ~ 0.54 m*r2 [E /m*r + 0.6 m*r3 Ep/m*ro (a) 
0 
p 0 
0 
(6.21) 
Ph [ ] -5/9 Mh ! -7/9 [Ep/m:l:roJ (b) e ~ 0.6 m*r3 Ep/m*ro + 1.13 m*r4 
u 0 
Equation (6 .18 ) has been checked for intermediate values of P 
c 
and the computed deformations all agree to within 10% with the 
results of finite element analyses. The concept of a critical 
slenderness ratio or a critical length is crucial to the 
understanding of the deformation characteristics of horizontally 
loaded piles. In many cases it will enable economies to be 
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made in respect of the l~ngths of the des igned piles. It 
will be seen later . that the concept of a critical length 
plays an important role in the study of interaction between 
neighbouring piles. 
6 . 3.5 Induced bending moments 
It is to be expected that the maximum bending moment 
induced in a pile loade d by a horizontal force will be 
proportional to the critical length of the pile and, indeed, 
this turns out to be the case. The maximum bending ITDment 
may be written as 
M 
max = 
r 
o = 
0.1 P R-
P • h· c c 
(6.22) 
and it generally occurs at an aspect ratio of between s 14 
c 
(homogeneous soil) and sc/3 (Gibson soil) . 
The piles in many foundations may be considered as 
essentially restrained from rotation at their heads and this 
will have the effect of reducing the deflection at the head 
of a pile. For any particular pile and soil conditions, 
equation (6.18) may be used to calculate this deflection by 
inserting the condition e = 0 and solving for the induced 
fixing . moment, Mf . A useful rule of thumb is that the ratio 
ufo d to u f for a given force Ph is about 0.5, and the lxe ree 
induced fixing moment is between 1.5 (Gibson soil) and 2 
(homogeneous soil) times the maximum bending moment induced 
in a free headed pile, but opposite in sign. 
6.3.6 Short stiff piles 
So far, the analysis of horizontally loaded piles has 
concentrated on piles which are longer than their critical 
aspect ratio, i.e. R- > sr. Most piles encountered in practice 
. c 0 
fall into this category. However, it may sometimes . be 
necessarx to estimate the deflection of a short, stiff, pile 
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under the action of a horizontal load. Figure 6.12 shows 
the v~riation of u(long pile)/u(actual pile ) with l/lc for 
piles in an homogeneous soil and a Gibson soil under either 
horizontal force or moment loading. It may be seen that 
there is a marked difference in the curves for the two types 
of loading for piles in an homogeneous soil, but less difference 
in the corresponding curves for piles in a Gibson soil. 
It has been found (McClelland and Focht, 1958; Matlock and 
Reese, 1960) that, because of the large strains in the soil 
near the top of an horizontally loaded pile, a Gibson soil 
is a suitable model for many soil types. Thus Figure 6.12(b) 
is probably more relevant for design purposes than Figure 
6.12(a). Since the curves for horizontal force and moment 
loading are similar for the Gibson soil, the average curve 
gives a good indication how a short fix e d head pile would 
b e have. This is of particular relevance as most short stiff 
piles encountered in practice are restrained from rotation at 
their heads. 
6.4 SUMMARY OF ANALYSIS FOR SINGLE HORIZONTALLY LOADED PILES 
Before progressing to practical applications of the 
power law relationships developed in this chapter, it is as 
well to recap on the progress so far. It has been shown that 
traditional methods of integral equation analysis of hori-
zontally loaded piles in an homogeneous soil are likely to 
overestimate consistently pile deflections by between 25 and 
40%. An improved idealisation of the pile as a cylinder gives 
better agreement with the results of finite element analyses. 
In the past, a Winkler type analysis has been used for 
piles in a non-homogeneous soil and it has been shown that 
there exists a critical length beyond which piles behave as 
infinitely long piles. It has been shown here that, for ~ 
linear variation with depth of the coefficient of subgrade 
reaction, the value at a depth of one quarter the critical length 
is the relevant soil stiffness for determining the behaviour 
of the pile. Simple, general expressions have been developed 
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" 
for the deflection of a pile head in terms of the loading 
conditions and the pile and soil stiffnesses. 
So far as the author is aware, for the first time the 
finite element method has been used to conduct a parametric 
survey of horizontally loaded cylindrical piles. The results 
of the survey have shown that it is possible to estimate a 
critical l e ngth or slenderness ratio for a given pile, from 
the ratio of the pile stiffness to the value of the quantity 
G(l + 3v/4) at a depth of half the critical pile length. Since 
the coefficient of subgrade reaction depends on pile stiffness 
and loading conditions as well as soil stiffness, the predicted 
deformations of a pile in a continuum depend on the pile and 
soil stiffnesses in a different manner to that predicted from 
the Winkler type analysis. 
This point is of great importance in pile design. For 
example, to take the case of an homogeneous soil, dimensional 
analysis for the Winkler type soil shows that, to decrease the 
deflection of a pile under horizontal force loading by a 
factor of two, the pile stiffness would have to be increased 
by a factor of sixteen. The more rigorous continuum analysis 
shows that the pile stiffness would need to be increased by 
more than 100. The two methods of analysis produce more similar 
results .for piles in a Gibson soil, but there are still 
important differences. 
The correct value of the coefficient of subgrade reaction 
may be defined as the value which gives the same computed 
deflection of the particular pile head as a full continuum 
analysis. With this definition of the coefficient of subgrade 
reaction, it is possible to investigate how the ratio k/G varies 
with pile stiffness and loading conditions. Figure 6.13 shows 
the variation of k /G* for an homogeneous soil with the pile 
o 
stiffness ratio Ep/G*, for horizontal force and moment loading. 
Figure 6.14 gives the corresponding curves for a Gibson soil. 
These figures show the wide variation of the coefficient of 
subgrade r e action with pile stiffness and type of loading. 
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The analysis of single piles under horizontal loading 
may be swnma~ised by equation (6.18) which gives the pile 
h ead deformat ion and by Figures 6.15 and 6.16 which show the 
generali sed deflected pile shape and induced bending moments 
for the two types of loading a nd various degrees of soil 
inhomogeneity. The concept of a critical slenderness ratio 
for a pile has been used to generalise these results and, as 
will be shown in the next chapter, plays an important role in 
analysing th~ effect of neighbouring piles. 
6.5 . APPLICATION OF ANALYSIS TO PILE TESTS 
Although it is possible to fit the results of most pile 
tests by choosing an appropriate soil stiffness profile, very 
few test s have been reported in the literature where indepe ndent 
estimates of the soil stiffnes s are available. The pile t es ts 
discussed b e low and in the following chapter, are tests where 
the soil stiffness profile had been estimated from independent 
soil tests or from the back-analysis of other pile tests. 
The large strains in the soil near the top of a horizont-
ally loaded pile r e duce the soil stiffness in this region. 
For this reason, a Gibson soil model, where the shear modulus 
is proportiona l to depth is particularly applicable to the 
analysis of horizontally loaded piles, especially in the 
later stages of loading. However, there are certain types 
of stiff clay which deform in a linear fashion up to high 
(> 50% of ultimate) stress levels (e.g. Cooke, Price and Tarr, 
1978). Reese and We lch (1975) report the results of a 
horizonta lly loaded pile embedded in a stiff clay where the 
soil stiffness was originally fairly uniform with depth. The 
early stagRs of this test may reasonably be analysed taking an 
homogeneous soil model. 
6.5.1 Tes t on bored pile in Beaurnont clay (Reese and Welch, 
1975) 
The pile properties (Reese and Welch, 1975) were £ 
= 0 . 308 m, (El) '" 410 HN/m 2 -+ (E ) '" 2.5 X 10 4 
P P equiv. 
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= 13 m, 
MN/m 2 • 
The last figure, for the equivalent Young's modulus of the 
pile, i s reasonable since the pile was a reinforced concrete 
pile placed in a pre-drilled shaft. The results of soil 
tests show a fairly homogene ous deposit with an average shear 
modulus of between 7 and 8 kN/m2. Taking a value of Poisson's 
ratio near 0.5, a reasonable first estimate of G*(=G*) is 
c 
10 l-1N/m 2 . This gives a cri-tical slenderness ratio · of 
s = 18.7 and a critical length of ~ = 7.1 m. The results 
c c 
showed that the deflections and induced moments decayed to zero 
at a depth of between 7 and 7.5 m which agrees well with the 
estimate for the critical pile length. Table 6.1 shows 
(column 2) the measured head deflections and maximwu induced 
bending moments, and (column 3) the corresponding theoretical 
results at various load levels. The two sets of figures agree 
well at half the ultimate load (~ 250 kN). At higher loads, 
the soil modulus n e ar the surface will be reduced by the large 
strains around the pile and the soil may approximate to a 
Gibson soil. If it is assumed that the soil modulus at ~ /2 
c 
(i.e. G~} is unchanged, then equations (6.18) and (6.22) show 
that the corresponding deflections and moments are doubled as 
p is reduced from 1 (homoge neous soil) to 0.5 (Gibson soil) . 
c 
These results are shown in column 4 of Table 6.1. 
The overall picture from this pile test is that a 
reasonable prediction of the pile deformation and maximum 
induced bending moment at working load level may be obtained 
from the analysis developed in section 6.3. The high loads, 
coupled with cycling of the loads, have the effect of softening 
the soil near the surface and a good estimate of the behaviour 
under these conditions may be obtained by assuming that the 
shear modulus at ~ /2 remains unchanged but that the soil 
c 
modulus reduces linearly to zero at the soil surface. It is 
also possible to obtain a more conservative upper bound at 
the highest load level by assuming that the shear modulus at 
~is unchanged; this gives an estimated deflection under c 
a load of 450 kN of 33 mm and a max imum induced bending moment 
of 740 kN m. 
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6.5.2 Tes t on min i - p ile s in London Clay (Price , 1977) 
The same r ow of three mini - piles that we r e discusse d 
in section 5.5 have a lso b e en loade d horizontally both as 
a group and singly (Price, 1977). Thi s set of experime n ts 
p r ovides a unique opportunity to 'predict' the results of a 
lateral l oad test having b a ck- analysed a shea r modulus profile 
from the vertical load tests. From equation (5.38), the s oil 
shear modulus profile is G = 10 + 7.78 z MN/m 2 (z is in me tres). 
For the l a t eral load test on a single pile excavation to a 
depth of 0.3 m h a d taken place near the pile so that the 
. equivale nt s hear modulus profile was G = 12.3 + 7.78 z MN/m 2 • 
Although the theoretical bending stiffness (calculated from 
the measured pile dimensions) was (EI)p = 2000 KN m2 , be nding 
tests on the subseque ntly e x c avated pile gave a value of 
(El) ~ 1550 KN m2 (Price, 1977) giving E equiv.~ 4 x 10 4 
MN/m~ (r for the pile was 0.084 m). Fro~ equation (6.18), 
o 
the horizonta l d e formation parameters are (taking 'J = 0.5) 
s /2 
c = 
8.29 = 1. 39 m 
= 0.847 
Thus the c a lculated defo~~ations are 
G* = 24.4 MN/m 2 
c 
u = 0.0540 Ph + 0.0862 Mh m (Ph in MN, Mh in MN m) 
e = 0.0862 Ph + 0.304 Mh rad (Ph in MN, Mh in MN m) 
(6.23) 
The pile was loaded by a lateral force at a di s tance of 0.94 m 
above the ground surface. Thus Mh = 0.94 Ph and the calculated 
load deformation ratios at the ground level are u/Ph = 0.135 
mm/kN and e = 0.372 x 10- 3 rad/kN. At the point of application 
of the horizontal load, the load d e formation ratio is 
u/Ph = 0.663 mm/kN, where allowance has b e en ma de for the 
deflection of the free - standing section of the pile. 
The ave rage me a sured values (Price, 1977) at a load 
level of about 2 kN were ujPh = 0.17 mm/kN and e/p = 0.43 
-3 h 
x 10 r ad/kN at the ground surface and u/Ph = 0.76 Imn/kN at 
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the point of application of the load. These values are 
somewhat hi~her than the calculated values, but no ·te that y 
following the example of the previous section, a useful upper 
bound on the deflection of the pile is obtained by considering 
the soil modulus to fall to zero at the ground surface from 
G": (.Q, /2} := 24. 4 MN/m 2 • This assumption leads to load deformation 
c -3 
ratios of u/Ph := 0.23 mm/kN and 8/Ph = 0.52 x 10 rad/kN 
at the ground surface and u/Ph = 0.90 mm/kN at the point of 
application of the load. Thus, again, the actual pile 
deformation may be bracketed quite closely by reducing the 
soil shear modulus near the ground surface from the measured 
value to zero, while keeping the value at a depth of .Q,c/2 
unchanged. The measured pile deflections below ground level 
indicated that the movement of the pile died out somewhere 
between one and two metres below ground. This agrees well 
with the estimated critical length of the pile of .Q,c := 1.4 m. 
6.6 CONCLUSIONS 
The purpose of this chapter has been to review two 
widespread methods of pile analysis, load transfer analysis 
and integraE equation analysis, in the light of results from 
finite element analyses. The review has uncovered deficiencies 
in both the forme r analyses when analysing piles in homo -
geneous soils. For piles in a Gibson soil, the deflected pile 
shape, and thus the induced bending moments, calculated from 
linear load transfer analysis agreed well with the correspond-
ing results from finite element analysis. However, it was 
shown that the ratio of the appropriate coefficient of subgrade 
~eaction to the soil shear modulus varied widely with pile 
stiffness ratio and the type of loading. 
By analogy with the power law relationships which 
evolve from dimensional analysis of the problem of a pile in 
a Winkler . type me dium, a similar set of equations was evolved 
for piles in a continuous medium. To obtain these relation-
ships , the soil stiffness was characterised by a single elastic 
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constant G* = G(l + 3v/4). It is reali sed that this over -
simplifies the effect of variations in Poisson's ratio and 
e x tension of the present analysis to anisotropic soils is 
not immediate. This is an area where further work is 
necessary but in the meantime it is considered that the value 
chosen for G* is of sufficient accuracy for design purposes. 
The concept of a critical length of pile has enabled 
generalised deformation constants to be formed which are 
independent of pile dimensions and stiffness. Expressions 
for the critical slenderness ratio of a pile in terms of the 
stiffnes s ratio have been deduced from the results of finite 
element analyses. The application of the resulting equations 
to the back- analysis of pile tests has shown that the 
experimental results may be bracketed with some degree of 
confidence if values of soil shear modulus are available from 
good quality in-situ or laboratory tests. 
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CHAPTER 7 - ANALYSIS OF HORIZONTALLY LOADED PILE GROUPS 
7.1 INTRODUCTION 
A group of piles subjected to horizontal loading tends to 
defonu more, for a given load per pile, than a single pile. 
This is because, as was the case for vertically loaded pile groups, 
the displacement of one pile is made up of two components -
that due to its own loading and that due to the ground displace-
ments caused by loading of adjacent piles. In the abience of a 
numerical method capable of analysing economically a complete 
pile group in general soil conditions, the tendency has been to 
derive interaction factors for the case of a group of two piles 
only and then apply these factors to the particular pile group 
(Poulos, 1971 (b), 1975). 
The interaction factor is defined, in a similar manner 
to that in section 5.2.3 for vertically loaded piles, as the 
fractional increase in deflection of a pile due to the presence 
of a similarly loaded neighbouring pile. Thus for two piles, 
if a single pile deflects U
o 
under a given load, then the 
deflection of each pile under the same load per pile is 
(7 • 1) 
The factor a h will be a function of the pile and soil properties, 
the distance between the piles and, unlike for vertically loaded 
piles, the type of loading. Poulos (1971(b)) outlines five 
different interaction factors dealing with interaction of 
deflection, or rotation, at the pile head for horizontal force, 
moment, or fixed head (zero rotation) types of loading. 
In most pile groups, the piles may be regarded as being 
restrained against rotation at their heads, and thus the inter-
action between so-called ' fixed head' piles is of particular 
importance. It has been shown (Poulos, 1971(b}) that, for 
piles in an homogeneous soil, the interaction of fixed head 
piles is similar to, though slightly greater than the deflection 
ihteraction of two comparable piles under horizontal f6rce 
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loading only . It is thus sufficient , if slightly conservative, 
to use interaction factors derived from conside ring two fixed 
head piles in the des ign of pile groups. The emphasis in this 
chapter will be on thi s type of interaction factor (denoted by 
~h) and how the factor depends on the pile and soil properties 
in addition to the pile spacing. It will be shown that the 
interac·tion of fixed head piles may be estimated from a finite 
element analysis of a single pile. This is an important result 
. as the cost of a full three- dimensional analysis normally 
precludes the study of the interaction between two horizontally 
loaded piles. 
7.2 INTEHl-\CTION BETWEEN TWO FIXED HEADED PILES 
The two main factors affecting the size of the interaction 
factor a h are the pile-soil stiffness ratio and the spacing 
between the two piles. 
Poulos (1971(b), 1975) has presented charts of interaction 
. factors, mainly for piles in homogeneous soils. However, these 
interaction factors were calculated using the strip idealisation 
of each pile which, as has been shown, is liable to introduce 
consistent errors; also, the charts were presented for constant 
values of the stiffness coefficient K = (El) ICE !4) which P s 
takes no account of how much of the pile length is usefully 
employed re s isting the horizontal loads. 
The previous chapter introduced the idea of a critical 
slenderness ratio, s , and hence a critical pile length, 
c 
9, = sr. 
c c 0 
Clearly, if two different pairs of piles have the 
of s (and thus of stiffness ratio E IG *) and r , 
c p c 0 same value 
then the interaction factors for each pair of piles will depend 
on the pile spacing alone. The question remains as to how the 
interaction factor, for a given absolute spacing, varies as 
either s or r is varied. It is unreasonable to suppose that 
c 0 
the interaction factor depends solely on s (independent of r ) 
c 0 
or vice versa. However, it is shown below that the geometric 
mean of the critical length, ~ , and the pile radius,r , 
. k k c 0 (i. e. (9-, • r ) 2 = r (s ) 2) provides a sui table linear dimension 
coo c 
-120-
for normali s ing the pile spacing so that the interaction 
factors for all piles in a given soil type (homogeneous or 
Gibson) may be obtaine d from a single curve. 
The integral equation method of analysis (with a cylindri-
cal pile idealisation in an homogeneous soil) was used to 
calculate the interaction factors for a wide range of pile- soil 
stiffness ratios and pile spacings. Only piles which were 
longer than their critical lengths were considered. The computed 
interaction factors are shown in Figure 7.1 where the factor a.h 
has been plotted against the pile spacing normalised by the 
length r (s /2)~.* As may be seen,the interaction factors for 
o c . 
all pile stiffnesses fall on a single curve. The implication 
of Figure 7.1 is that stiffer piles interact more strongly at 
a given pile spacing than less stiff piles. It is interesting 
to note that the interaction factor for piles spaced at right 
angles to the line of loading is lower at a given pile spacing 
than that for piles in line with the horizontal force. In fact, 
it appears from the two curves in Figure 7.1 that the interaction 
decreases with pile spacing twice as fa~t perpendicular to the 
line of the horizontal force loading as along the lirte of loading. 
The interaction factor for piles at intermediate angles to the 
line of loading may be obtained by considering the variation 
of displacement round the pile given by equation (2.9) (see 
Figure 7.21. It seems reasonable that the interaction factor 
at an angle W from the line of force is given by 
(7 • 2) 
Although the integral equation method is only approximate and 
the assumption of a uniformly distributed stress resultant is 
~learly tenuous for the case of two piles, the general trend of 
results - particularly the importance of the critical slender-
ness ratio - is probably close to the truth. The next step is 
to progress from the ideal case of piles in a linear elastic 
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homogene ous soil, to the prediction of the interaction factors 
for piles in a non-homogeneous soil. In order to accomplish 
this, the dis'placement pattern around a single horizontally 
loaded fixed head pile must be studied in order to relate it 
to the interact ion factors. (Note that there is no direct 
analysis economically available for the problem of two piles 
in a soil whose stiffness varies continuously with depth.) 
7 . 2.1 Estimation of interaction factors from finite element 
analyses of single piles. 
In order to estimate interaction factors from fini-te 
element analyses of single horizontally loaded piles, it is 
necessary to study the deformation pattern in the soil mass 
around the pile. Figures 7.3(a) and (b) show vertical profiles 
of soil movement ( in the direction of loading) at various 
radii from the pile for ~ = 0 and ~ = n/2 respectively (see 
Figure 7.2 for definition of ~). As may be seen, the deflected 
shape of the fixed head pile is repeated in the soil displace-
men t profiles but reduced in magnitude. Thus the reduction in 
deflection, at a particular radius, at the soil surface is 
proportional ly the same as the reduction in deflection at a 
depth of, for example, ~ /4. For this reason, it is sufficient 
c 
to study the soil deformation at the surface in order to estimate 
interaction factors for fixed head piles. Figure 7.4 shows 
plots of u(r,o)/ u(ro'o) for a fixed head pile against radius 
normalised by the length r (s /2)%, taken from finite element 
o c 
analyses. 
A comparison of Figures 7.1 and 7.4 shows that they are 
virtually identical up to a radius of r ~ 10 r (s /2)%. This 
o c 
corresponds to distances of from 25 r (E /G* = 750) to 
o p 
50 r (E /G* = 75,000). For larger spacings, the finite element 
o p 
results would lead to a prediction of lower interaction factors 
than those calculated from the integral equation method. 
Since the integral equation method tends to overpredict inter-
action factors at large spacings (Poulos, 1971(b)) it is 
likely that the finite element results give a better estimate 
of suitable interaction factors for use in design. It should 
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be emphas ise d that the correspondence of normalised surface 
deflections and interaction factors for two fixed head piles 
is a very important result, since it enables interaction 
factors to be calculated from the results of a finite .element 
analysis of a single horizontally loaded pile in a general 
soil. Also it enables estimates of interaction factors to be 
made from horizontal load tests on fixed head piles by noting 
the deflection of marker posts suitably located round the pile 
under test. In particular, it is now possible to estimate the 
interaction factors for two piles in a Gibson soil by plotting 
the surface deformation pattern around a horizontally loaded 
fixed head pile. Figure 7.S shows such plots obtained from 
finite element analyses. It is again found that, to a good 
approximation, the results for a wide range of pile stiffnesses 
all fall on a single curve if the radial distance is normaU.sed 
1 
by the length r (s /2)~. The slight scatter appears to be due 
o c 
to the coarseness of the finite element mesh and the fact that 
soil displacements in a region of very low (zero) shear modulus 
are being plotted. This scatter is reduced without altering 
the original curve if points in the finite element mesh at 
some small depth below the soil surface are plotted. As in 
Figures 7.1 and 7.4, there is a relationship between curve 1 
(Figure 7.5) for interaction factors where ~ = 0, and curve 2 
for ~ = IT/2, in that curve 2 may be obtained from curve 1 by 
replotting curve 1 with the scale of the spacitig axis divided 
by two. Thus the interaction falls off twice as fast at right 
angles to the line of loading, as along the line of loading. 
This result is of great significance for the design of pile 
groups to withstand horizontal loads; pile spacing at right 
angles to the direction of loading may be half that along the 
line of loading for the same interaction between neighbouring 
piles in the two directions. 
It is possible to combine the curves on Figures 7.4 and 
7.S by noting the similarity between them, in particular the 
ratio of two in the horizontal scales for the two figures. 
It may be noted thqt the interaction factors fall on a 
hyperbolic type curve and are approximately inversely proportional 
.-123-
to the pil e spacing. It turns out that the expression 
= 0.6 p 
c 
r (s /2)~ 
o c 
s 
( 7 • 3) 
where s is the pile spacing, is a good approximation to the 
interaction factors on all four curves in Figures 7.4 and 
7.5. The results are plotted in Figure 7.6. It should be noted 
that, in practice, pile spacings rarely have s k less 
r (s /2) 2 
o c 
than 2 and thus the most relevant interaction factors are in 
the region of best fit of equation (7.3). 
The advantage of expressing the interaction factors for 
fixed head piles in an analytic form is that it becomes simpler 
to program calculators or computers to evaluate the interaction 
within a pile group. The use of interaction factors for group 
analysis has been dealt with by Poulos (1971(b), 1975); the 
simplest method is to evaluate a ij between all pairs of piles 
i and j within a group (u .. being equal to unity) and then 
11 
solve the matrix equation. 
(7 • 4 ) 
,where the right hand side is a vector of unit elements multi-
plied by the fixed head pile stiffness of a single pile. The 
unknown P. are then solved for the load distribution within the 
1 
group which gives unit deflection at the head of each pile. 
The average stiffness of the pile group may then conveniently 
be defined as 
1 
n 
n 
t 
i=l 
7.2.2 Application of interaction factors to pile tests 
(7 • 5 ) 
An obvious application of interaction factors is in the 
testing of piles by jacking two closely spaced piles apart -
a common form of pile test. Colman and Hancock (1972) report 
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to the pil e spacing. It turns out that the expression 
= 0.6 p 
c 
r (s /2)~ 
o c 
s 
(7 • 3) 
where s is the pile spacing , is a good approximation to the 
interaction factors on all four curves in Figures 7.4 and 
7.5. The results are plotted in Figure 7.6. It should be noted 
s · 
that, in practice, pile spacings rarely have k less 
r (s /2) 2 
o c 
than 2 and thus the most relevant interaction factors are in 
the region of best fit of equation (7.3). 
The advantage of expressing the interaction factors for 
fixed head piles in an analytic form is that it becomes simpler 
to program calculators or computers to evaluate the interaction 
within a pile group. The use of interaction factors for group 
analysis has been dealt with by Poulos (1971(b), 1975); the 
simplest method is to evaluate ~ij between all pairs of piles 
i and j within a group ( ~ .. being equal to unity) and then 
II 
solve the matrix equation. 
(7 .4) 
.where the right hand side is a vector of unit elements multi-
plied by the fixed head pile stiffness of a single pile. The 
unknown P. are then solved for the load distribution within the 
1 
group which gives unit deflection at the head of each pile. 
The average stiffness of the pile group may then conveniently 
be defined as 
= 
1 
n 
n 
L 
i=l 
P. 
1 
7.2.2 Application of interaction factors to pile tests 
(7 • 5 ) 
An obvious application of interaction factors is in the 
testing of piles by jacking two closely spaced piles apart -
a common form of pile test. Colman and Hancock (1972) report 
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to the pil e spacing . It turns out that the expression 
= 
r (s /2)l:i 
0.6 _0 c Pc s (7 • 3) 
where s is the pile spacing, is a good approximation to the 
interaction factors on all four curves in Figures 7.4 and 
7.5. The results are plotte d in Figure 7.6. It should be noted 
s · 
that, in practice, pile spacings rarely have k less 
r (s /2) 2 
o c 
than 2 and thus the most relevant interaction factors are in 
the region of best fit of equation (7.3). 
The advantage of expressing the interaction factors for 
fixed head piles in an analytic form is that it becomes simpler 
to program calculators or computers to evaluate the interaction 
within a pile group. The use of interaction factors for group 
analysis h as been dealt with by Poulos (197l(b), 1975); the 
simplest method is to evaluate a .. between all pairs of piles 1J . 
i and j within a group (u .. being equal to unity) and then 
11 
solve the matrix equation. 
(7 • 4 ) 
where the right hand side is a vector of unit elements multi-
plied by the fixed head pile stiffness of a single pile. The 
unknown P. are then solved for the load distribution within the 
1 
group which gives unit deflection at the head of each pile. 
The average stiffness of the pile group may then conveniently 
be defined as 
1 
n 
n 
l 
i=l 
P . 
1 
7.2.2 Application of interaction factors to pile tests 
( 7 • 5 ) 
An obvious application of interaction factors is in the 
testing of piles by jacking two closely spaced piles apart -
a common form of pile test. Colman and Hancock (1972 ) report 
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the results of tests where pairs of piles were jacked apart. 
The soil conditions for their test No.3 were 5 m of sand fill 
overlying soft clay and peat. 
E = 2.10 4 MN/m 2 ) were driven 
Rayrnond piles (r = 0.207 rn, 
o 
p to a depth of 32 m and then 
jacked. apart. The pile spacing was 2.25 m (10.9 r ). 
o 
Results 
of triax ial tests on sand which had been compacted to the 
same density as the in- situ sand suggested that it would be 
reasonable to take a value of Young's modulus at half ultimate 
which increased proportionally with depth at a rate of about 
6 MN/m 2 per metre. If Poisson's ratio is taken as 0.2, this 
gives a value for m* of 2.875 MNJm 3 • Thus the pile critical 
length is ~ = 4.2 m (s = 20.3). 
c c 
The theoretical deflections for a single pile may be 
obtained from equation (6.21) and are: Ph/u = 7.36 kNJnun; 
u/e = 1.89 m/rad; ufree/ufixed = 2.44. The piles were first 
tested by jacking apart with the heads free to rotate and, 
subsequently, by jacking in the same direction (constrained 
by a pile cap and using the piling rig as reaction) in such a 
manner that the pile heads were unable to rotate. The pile 
s 
spacing parameter is = 3.41 and thus, from Figure 7.6, 
r . (s /2) ~ 
o c 
the pile interaction factor is a h = 0.18. The expected load-
deformation ratio will be increased during the first stage of 
loading(since the piles were moving in opposite directions) 
by a factor of (11_ 0.18) = 1.22, giving Ph/u = 9.0 kN/rnrn. 
The test results showed a reasonably linear 10ad-defolTIation 
curve with an average slope of Ph/u ~ 8.6 kN/rnrn. The recorded 
ratio of u/e was 1.93 m/rad. When the piles were subsequently 
jacked together, the ratio of u f Juf . d was constant at ree lxe 
each load level and equal to 1.6. This ratio may be calculated 
to be 2.44 = 1.7, bearing in mind that the interaction 1.22 x 1.18 
is constructive in this latter mode of deformation. 
This example of the use of interaction factors in the 
analysis o~ i'back-to-back' pile tests illustrates the size of 
-125-
the results of tests where pairs of piles were jacked apart. 
The soil conditions for their test No.3 were 5 m of sand fill 
overlying soft clay and peat. Rayrnond piles (r 
o 
E = 2.10 11 MN/m 2 ) were driven to a depth of 32 m p 
jacked apart. The pile spacing was 2.25 m (10.9 
= 0.207 rn, 
and then 
r ). Results · 
o 
of triax ial tests on sand which had been compacted to the 
S~1e density as the in-situ sand suggested that it would be 
reasonable to take a value of Young's modulus at half ultimate 
which increased proportionally with depth at a rate of about 
6 MN/m 2 per metre. If Poisson's ratio is taken as 0.2, this 
gives a value for m* of 2.875 MN/m 3 • Thus the pile critical 
length is ~ = 4.2 m (s = 20.3). 
c c 
The theoretical deflections for a single pile may be 
obtained from equation (6.21) and are: Ph/u = 7.36 kN/mm; 
u/e = 1.89 m/rad; ufree/ufixed = 2.44. The piles were first 
tested by jacking apart with the heads free to rotate and, 
subsequently, by jacking in the same direction (constrained 
by a pile cap and using the piling rig as reaction) in such a 
manner that the pile heads were unable to rotate. The pile 
spacing parame ter is s k = 3.41 and thus, from Figure 7.6, 
r . (s /2) 2 
o c 
the pile interaction factor is a h = 0.18. The expected load-
deformation ratio will be increased during the first stage of 
loading(since the piles were moving in opposite directions) 
by a factor of (11_ 0.18) = 1.22, giving Ph/u = 9.0 kN/rnrn. 
The test results showed a reasonably linear 10ad-defo~TIation 
curve with an average slope of Ph/u ~ 8.6 kN/rnrn. The recorded 
ratio of u/e was 1.93 m/rad. When the piles were subsequently 
jacked together, the ratio of u f lu f . d was constant at ree lxe 
each load level and equal to 1.6. This ratio may be calculated 
to be 2.44 = 1.7, bearing in mind that the interaction 1.22 x 1.18 
is constructive in this latter mode of deformation. 
This eX~1ple of the use of interaction factors in the 
analysis o~ hback-to-back' pile tests illustrates the size of 
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error like ly to arise if the interaction between the two piles 
is ignored . In this instance the stiffness of the soil would 
have b een ove restima ted by about 20 % and the ratio between 
u f and ufo d underestimated by some 40%. The correlation ree " lxe " 
be"tween calculated and measured values for the load deformation 
characteristics of the piles is further evidence of the 
applicab ility of the analysis outlined in Chapter 6 to the 
design and analysi s of real pile foundations. It is instructive 
to note that, had an estimate been made of the critical pile 
length p rior to conducting the experiments, a substantial 
saving in the cost of the piles (5 m piles instead of 32 m 
piles) could have been made without affecting the results of 
the pile tests. 
7.3 ANALYSIS OF PILE GROUPS 
Most piled foundations consist of groups of piles linked 
at the surface by a pile cap which can have a significant 
strengthening effect on the pile group. There are two main 
effects of capping a pile group which need to be considered. 
(a) Since the piles are generally embedded in the pile cap, 
any rotatio n of the pile heads must entail rotation of the cap. 
If the cap rotates, then piles at the cap edges will have to 
move vertically up or down in addition to horizontally. This 
'push~pull' mode of deformation is capa ble of absorbing a high 
proportion of any applied moment, making the group as a whole 
much stiffer in the rotational mode. 
(b) If the pile cap is in contact with the ground surface, 
or even actually embedded as is often the case, then a high 
proportion of any horizontal loading may-be taken by the cap 
both by shear and by resistance to rotation thus reducing the 
size of the bending moments in the piles. The resulting dis-
placements may also be considerably reduced. 
An attempt will be made below to quantify these phenomena 
and show how they may be taken into account when designing 
pile groups or back-analysing tests on pile groups. 
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7.3.1 Rotational stiffness of pile groups 
In general, the stiffness of a vertical pile under 
vertical loading is substantially higher than that under hori-
zontal loadi ng . Thus, if a group of piles is subjected to 
moment loading, then a large percentage of the applied moment 
will be ab s orbe d by the vertical movement of the piles at the 
edges of the group (Figure 7.7) as the cap rotate s. Abdrabbo 
(1976) reports that over 60% of -the applied moment loading 
(for a 3 x 3 pile group) may be absorbed by this push-pull 
mode of rotational stiffness. In order to design pile groups 
to withstand horizontal loading, it is necessary to split the 
deformation of the group into a purely horizontal translation 
of the pile cap and a rotation (together with further horizontal 
movement) of the cap and pile heads. 
The general scheme for this design procedure is shown in 
Figure 7.S. The horizontal translation requires 'fixing' 
mome nts to restrain the pile heads from rotating. These mome nts 
are added to the applied moments and the total moment is then 
shared between the push- pull rotation mode and the pile hea d 
rotation mode in proportion to their respective stiffnesses. 
The additional deformation due to rotation of the pile cap 
may then be calculated from the portion of the total moment 
which is taken by the piles as moment loading (i.e. L Mp 
in Figure 7.7). Implicit in this procedure is the assumption 
that horizontal loading of a pile does not affect its vertical 
stiffness and vice versa. This assumption has been shown -to 
be reasonable by Abdrabbo (1976). From Figure 7.7, it is 
possible to calculate a rotational stiffness for the 'push- pull' 
mode in terms of the vertical load-settlement ratio. Thus 
writing the vertical load-settlement ratio as k = P/w, and 
v 
the rotational stiffness as ke = M/e, since M = 2Ps and the 
vertical movement is w = es, then ke = 2Ps/e = 2Ps 2jes = 2kvS2. 
The vertica l stiffness k may be taken as that for a single, 
v 
isolated, pile since the interactive effect of neighbouring 
piles in a line perpendicular to the plane of the applied moment 
loading will be approximately balanced by the negative inter-
action from piles in the plane of the moment loading. 
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In order to apply the design procedure outline d in 
Figure 7.8, it is n e cessary to estimate the average horizontal 
stiffness of the piles in the group . The fixed head trans-
lationa l stiffness of the group may be estimated by using the 
interactio n factor s discussed at the end of section 7.2.1. 
In general the fixed head stiffness of the ith pile will be 
n 
decreased by a factor of L 
j=l 
a... (where ex. ., = 1) and the total 
1) 11 
load on the pile group is shared amongst the n piles so that 
they all deflect by an equal amount (since the pile cap is 
assumed to be essentially rigid). The average stiffness for 
the piles in the group can thus be found and may be considered 
as being a factor of (1 + O:h) less than that of a single 
isolated pile where a.h is some overall interaction factor. 
The rotational stiffness of the piles in the pile group 
may be estimated from that of a single isolated pile, modified 
by a similar overall interaction factor. From Poulos (1971(b)) 
using his notation, the f~tors a pM and a eM are substantially 
lower than «pF and thus, to avoid a full analysis of the pile 
group, it is probably most efficient to use a factored value 
of cth (the overall interaction factor for fixed head deformation) . 
For the purposes of the examples discussed below it has been 
asswned that the stiffness for deflection and rotation due to 
moment loading are reduced by factors of (1 + a.h /2) and 
(1 + a h/4) respectively due to the presence of neighbouring 
piles. It was found that the calculated displacements are 
fairly insensitive to the e xact values of these two factors. 
In practice, pile caps are normally embe dded in the ground 
but it is instructive to study the more general case of a 
suspended pile cap. Oteo (1972) reports. the results of model 
pile tests where a group of piles, with a cap clear of the 
soil, was loaded horizontally. Figure 7.9 shows the approach 
adopted in order to analyse such a problem. The analysis is 
conducted in terms of the average pile stiffness - not forgetting 
the contribution from the push-pull mode of deformation which 
is depicted by springs in Figure 7.9. The moment at the pile 
cap, Mc' will be the applie d moment minus the resisting moment 
caused by a rotation, e , of the cap. 
c 
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From the foregoing, it is possible to calculate the 
stiffnesse s r e lating M and e , M and e , u f (fixed-head) c c s s 
and P, and uM" and M. The relationship between e and e s s c 
may be obtained by considering the part of the pile above the 
ground as a simple cantilever. Appendix B gives a full 
description of the calculations involved in order to predict 
the deformation of the pile cap. 
Oteo reports a test on a single pile (E = 7.10 4 MN/m 2 , p 
r - 0.004 m, 1 = 0.22 m (embedded length) in a tub of sand, 
o 
where the load was applied at a point 0.055 m above ground 
level. From the results of this test, it is possible to back-
analyse a value of the shear modulus of G = 5z MN/m 2 (z in 
metres) taking v = 0.25, (see Appendix B). Subsequently, tests 
were carried out on a 3 x 3 pile group at spacings of 4, 6, 8 
and 12 r . The piles protruded 0.055 m out of the sand, and 
o 
were rigidly embedded in a pile cap at their tips. From the 
calculations given in Appendix B, it is possible to plot a 
curve of the ratio of the deflection of the single pile at 
a given load, to the deflection of the pile cap at the same 
load per pile, against the pile spacing. It is somewhat mis-
leading to call such a diagram an 'efficiency' plot since the 
strengthening aspect of the pile cap enables efficiencies 
greater than one (i.e. where the single pile deflects more 
. than the pile group at the same load per pile) to be achieved 
at moderate pile spacings. 
Figure 7.10 shows the calculated deformation ratios and 
also the ratios measured by Oteo (1972), at small displacements. 
The agreement between the approximate theoretical predictions 
and the measured results is encouraging. At large pile spacings, 
the theoretical approach appears to overestimate the stiffening 
effect of the pile cap; however, the results are very sensitive 
to small errors in the measured eccentricity of the pile cap 
above the ground surface. Also the assumption of a rigid 
joint between the pile cap and piles may not have been 
strictly accurate. 
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7.3.2 Effect of cap contact with ground 
The effect of a contacting pile cap on the stiffness 
of a pil e group has been investigated by Ghosh (1975) and 
Abdrabbo (1976) in extensive series of model tests. In general 
it was found that the stiffness of the pile group under vertical 
or horizontal loads was only slightly affected by whether the 
pile cap was in contact with the ground or free standing. 
However , one or two tests on pile groups subjected to horizontal 
loads showed an increase in overall stiffness of ~ 25% with a 
cap in contact with the ground. 
An important effect of the pile cap being in contact 
with the ground surface is the redistribution of load between 
the pile cap and the piles. Ghosh (1975), showed that, under 
vertical loading of model piles, between 30% and 50% of the 
applied load was taken by the pile cap. Similarly, for hori-
zontally loaded single piles with a square cap of size 
5r x 5r , Abdrabbo (1976) found that some 60% of the applied 
00 · 
moment was taken by the pile cap. 
The above results were obtained from model pile tests in 
a relatively homogeneous clay bed. Corresponding results for 
a soil whose stiffness increases significantly with depth are 
likely to show much less effect of a contacting cap. In order 
to obtain a grasp of the effect of an embedded pile cap, a 
series of finite element analyses was undertaken to investigate 
the behaviour of a pile, raft, and pile + cap in the two 
extreme soil types, under the action of vertical, horizontal, 
and mome nt loading. This study was not meant to be exhaustive, 
since the possible variations of pile and cap geometry are 
too numerous. However, even a limited investigation may show 
the g e neral effect of an embedded cap and whether the principle 
of supe rposition holds for the cons -tituent parts of a capped 
pile. 
In practice, it is normal for the pile cap to be actually 
embedde d in the ground so that the top surface of the cap is 
flush with the soil. For this reason, an embedded raft and 
pile cap were studied in the finite element analyses. Figure 7.11 
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shows the relevant pile and cap properties together with the 
two soil types. The pile had dimensions llr = 40, E IG = 10 4 
o p 
(homogeneous soil) E Im r = 4.10 5 (Gibson soil) and the p 0 cap 
embedde d to a de pth of 2r 
o 
was circular, of r adius 3r , and was 
o 
Poisson's ratio for the soil was v = 0.4. Finite element 
analyses we re carried out of the individual components (i.e. 
pile and c ap separately) and the combined pile with cap, under 
three forms of loading. 
Table 7.1 gives the results of these analyses and, from 
this limited selection of results, it is possible to draw two 
main conclus ions: 
(a) In reasonably homogeneous soils (e.g. stiff clays) the 
principle of superpos ition does not work and the stiff-
ness of a capped pile is substantially less than the sum 
of the individual stiffnesses of the pile and cap. A 
rule of ·thumb for estimating the combined stiffness might 
be to add a proportion (say a third or a half) of the 
cap stiffness to the pile stiffness, however, a more 
thorough study of the behaviour of piles and caps is 
nee ded before any definite rule can be stated. From a 
design point of view, it seems that, provided the vertical 
displacements are not excessive, then the raft foundation 
alone is sufficient to withstand lateral loads since 
the pile contributes relatively little stiffness under 
horizontal and moment loading. 
(b) In Gibson type soils (e.g. sands or normally consolidated 
clays) the principle of superposition works much better 
since the pile transfers its load to deeper levels than 
the pile cap. In general, the pile cap contributes 
little to the overall stiffness of a capped pile, in a 
Gibson soil. 
As an example of the effect of cap contact with the 
ground, model tests on pile groups in a clay bed, reported 
by Prakash and Saran (1967) have been studied. The tests were 
conducted using hollow aluminium )?iles er . = 0.0045 mm, 
. 0 
1 = o. 29 m, E equl v = 6.10 I1 MNJm 2 ) embedded in an homogeneous p 
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clay bed. Back-analysis of tests on single piles gives a 
shear modulus for the clay of G 'V 100 kN/m 2 (v = 0.5) giving 
P /u = h 0.0145 kN/mm. 'rhe measured values vary between 
P /u -h - 0.02 (u = 1 mm) I 0.015 (u = 2 mm) and 0.01 (u == 4 mm) . 
Subsequent lateral load tests were performed on 2 x 2 and 
3 x 3 pile groups with a pile cap in contact with the clay 
bed, at pile spacings of 6r 0' 8r and 10r . 0 0 
Table 7.2 gives the calculated and measured load-
deflection ratios - the theoretical values for the pile cap 
alone being determined from the results in Poulos and Davis 
(1972) for a square rigid punch subjected to a horizontal 
force. It may be seen that the calculated load-deflection 
ratios for the cap alone or the pile group alone are lower 
than the measured values, as would be expected. Following 
the suggestion above of combining the pile stiffness and half 
the cap stiffness, this quantity has been calculated and tabu-
lated in the p e nultimate column. As may be seen, this latter 
set of figures agrees reasonably well with the measured results. 
From the two sets of model tests discussed in this 
section, it is clear that the theoretical methods of pile 
group analy~is are capable of providing reasonable estimates 
of the behaviour of a real pile group. In both cases, the 
largest contribution to the pile displacements comes from the 
'fixed head' mode of deformation and so it is essential to 
obtain good estimates of the interaction between piles in the 
group for this type of loading. The additional deformation 
due to moment loading may usually be estimated with sufficient 
accuracy without the sophisticated analysis depicted in 
Figure 7.9 and outlined in Appendix B. 
One further point is worth making; the calculated 
critical slenderness ratios in the two model tests above are 
Sc == 55.8 (Oteo) and Sc == 80.6 (Prakash & Saran). These 
represent much greater stiffness ratios (by a factor of 
between 10 2 and 10 3 ) than are commonly encountered in practice. 
Thus results from such model pile tests are only directly 
relatable to very stiff piles. 
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7.3.3 Back-an a lysi s of mini -pi l e t es t s (Pric e a nd Ta r r, 1978) 
The r ow'of thre e piles ana lysed unde r v e rtical loading 
in section 5.5 was al s o te s ted unde r horizontal loa ding (Price 
and Tarr, 1978). The horizonta l deformation p a r ame ters of a 
single pile h a v e bee n given in section 6.5.2. The pile spac ing 
k 
wa s 0.5 m b e tween each pile and thus the quantity s/~0(Sc/2) 2J 
is equal to 2.07. The row of piles was loaded a t right ang le s 
to the line of piles and so, from equation (7.3), the interaction 
factor between the centre pile and eithe r of the outer piles 
is ~h = 0.246. The factor between the two outer piles is 
Q h =0.123. From equation (6.23) the fixed head stiffnes s of a 
single pile is Ph/uf = 33.8 kN/~n. Sub s tituting the appropriate 
values of the interaction factors into equation (7.4), the 
average fixed h e ad sti f fness for the group of piles is 
Ph/u f = 24.0 kN/mm and thus the overall interaction factor is 
CXh = 0.4. 
The me thod of analysis follows that outlined in section 
7.3.1 (see Figure 7.8). The fix e d head displaceme nt is calculate d 
fi r st and the n the additional displacement and rot a tion is 
obtained from the total moment (applied moment plus fixing 
mome nt) with ' r e duced overall interaction factors (see section 
7.3.1). The applied moment was 0.94 times the horizontal force 
and, from equa tion (6.23), the fixing moment is 0.28 Ph. Thus 
the additional deflection and rotation is given by 
u
m 
= 0.0862 xl. 2 x (0 . 94 -I- O. 28 ) Ph = o. 126 Ph 
(7 • 6) 
e . = 0.304 x 1.1 x (0.94 + 0.28)Ph = 0.408 Ph 
where the f D.ctors 1.2 and 1.1 are (l -I- <xh/2) and (1 +Cth / 4) 
respectively. Thus the overall load deformation ratio for the 
group at ground level is given by 
u/Ph = 1/3 «(24.0)-1 + 0.126) = 0.056 mm/kN C7. 7) 
e/Ph = 1/3 x 0.408 = 0.14 x 
10- 3 rad/kN 
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where the f a ctor 1/3 accounts for the fact that the re are three 
piles in the group. The load defo~~ation ratio at the point of 
load applica-tion is u/Ph = 0.25 mm/kN. 
The measured values at ground level (Price and Tarr, 1978) 
at a total load level of 7 kN were u/Ph = 0 . 074 mm/kN, 
6/Ph = 0.13 x 10-
3 
rad/kN. At the point of application of the 
load, the me a sured load de formation ratio was u/Ph = 0.26 mm/kN. 
Thus, as for the case of the single pile, the deformation of 
the pile group is underpredicted by the analysis (ba s ed on the 
shear modulus profile obtained from the vertical load test) . 
However, the results are generally close enough for practical 
purpose s and they demonstra te the ease with which estimates of 
pile group behaviour may be made following the proce dures out-
lined in this chapter. 
7.4 CONCLUSIONS 
The increase in defoxmation of a pile due to the prese nce 
of a similarly loaded neighbouring pile may be chara cterised 
by an inte raction f actor. It has been shown that these factor s 
increase at a given pile spacing as the pile stiffness 
increases. Howe v e r, by normalising the p i le spacing by the 
length r (s /2) ~ , which takes account of the pile stiffness 
o c 
ratio, the interaction factors depend only on the d e gree of 
vertical non- homogeneity of the soil and the direction of 
loading in relation to the line connecting the two piles. The 
interaction betwee n two fix ed head piles in a Gibson soil is 
approxima tely half that for piles in an homogeneous soil. Also 
the interaction b e tween piles at right angles to the direction 
of loading is approximately half that for piles in line with the 
direction of loading. A simple expression has been proposed 
giving the inte raction factors for fixed head pile s which shows 
that the interaction is approximately inver s ely proportional 
to the pile spacing. 
The appro a ch to the analysis of horizontally loaded pile 
~~oups has been b a sed on the assumption that the pile s deform 
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primarily in a fixed head mode. The push-pull mode of deformation 
of a pile group usually contributes significantly to the 
rotational stiffness of the pile group and thus little rotation 
of horizontally loaded, capped, pile groups is to be expected 
except under the action of large applied moments. Since 
accurate values for the interaction factor between piles under 
moment loading are not available in general soil conditions, 
it is recommended that empirical overall factors for the pile 
group be estimated from the overall interaction factor a'h for 
fixed head deformation of the pile group. From results for 
horizontally loaded strip piles in homogeneous soil (Poulos, 
1971(b)) it is likely that these interaction factors for moment 
loading will be considerably lower than those for fixed head 
pile deformation. However further study is needed in this area. 
At present, it has been tentatively suggested that ah be reduced 
by factors of ~ and ~ when estimating average deflection and 
rotational interaction between piles under moment loading. 
Application of the analysis to model and small-scale 
pile tests has shown that the suggested methods are capable 
of giving reasonable estimates of pile deformation. One area 
where further research is much needed is in the strengthening 
effect of the pile cap, both in absorbing some of the moment 
applied to the pile group and also in transferring an appreciable 
proportion of the horizontal load directly to the soil. 
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CHAPTER 8 - CONSOLIDATION AROUND A DRIVEN PILE 
8.1 INTRODUCTION 
The deformation characteristics of a pile have been 
discusse d in the previous <;hapters on the assumption that 
the soil may be modelled as an elastic continuum char acterised 
by a suitable secant shear modulus and a Poisson ' s ratio. No 
attention has been paid to the method of installation of the 
pile or how this installation may affect the stiffness of the 
soil. It is likely that installation of a bored pile, particu-
larly in a stiff clay such as London clay, will not affect the 
soil stiffness appreciably except possibly in a narrow zone 
close to the pile shaft. However, when a pile is driven into 
the ground, considerable disturbance will take placei the 
soil may be remoulded up to quite large di stances from the 
pile and large excess pore pres s ures may be generated in the 
soil. These processes will alter the strength and deformation 
characteristics of the soil. 
In order to quantify the effects of pile driving, two 
separate stages need to be considered: 
(i) Short term effective stress and excess pore pressure 
changes due to driving the pilei 
(ii) Time dependent dissipation of excess pore pressures and 
resulting effective stress changes. 
There are two separate aspects to the consolidation 
stage. Firstly, the length of time for full (or 90%) con-
solidation to be achieved is an important parameter for 
estimating the time needed for the driven pile to reach full 
strength. Secondly, the effective stress changes at the end 
of cons olidation must be estimated in orde r to calculate the 
long term stability of the pile. 
Although the complete installation of a driven pile may 
not be analysed realistically with an elastic soil model, it 
is possible to obtain an understanding of what happens during 
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the consolidation process by assuming that the soil skeleton 
deforms linearly during this latter stage of the installation. 
The large strains caused by driving the pile will have softened 
the soil, so that the elastic pararneters assumed during con-
solidation will be lower than those normally associated with 
the early loading stages of an undisturbed sample of the soil. 
Due allowance can be made for this when choosing parmueters 
for the solution outlined below. 
8.2 CONSOLIDATION AFTER PILE DRIVING 
Although consolidation is the second part of the pile 
installation process, it will be considered first here since 
much progress may be made without an exact solution for the 
stress changes due to driving the pile. The starting point 
for consolidation is immediately after driving has stopped 
and an excess pore pressure distribution as shown in Figure 8.1 
has been set up. For r ~ r' R, the excess pore pressure, 
o 
u (r) is non-zero and for r ~ R, u = O. Relatively few data 
o o·
are available on the exact distribution of u or the size of 
o 
R. Hov.,rever, the results from field measurements (Bjerrum and 
Johannessen, 1961; Lo and Stermac, 1965; Koizumi and Ito, 1967) 
show that the major pore pressure gradients are radial and 
so it will be assw11ed that consolidation takes place primarily 
by pore water flow radially outwards from the pile. The pile 
will be taken as impermeable. 
The equations governing consolidation round the pile 
will be developed below. The main assumption will be that the 
strains which take place within the s6il skeleton are linear 
and can be related to the effective stress changes by the 
normal Hookean relationships. The choice of appropriate elastic 
constants for this process will be discussed later. In addition, 
some assumption must be made concerning the mode of deformation. 
One choice (Banerjee, 1970) is plane strain deformation where 
soil movement is confined to horizontal planes, radially 
towards the pile. However, at some distance from the pile, 
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overall vertical equilibrium will entail that the total 
vertical stress remains constant (ignoring any slight shear 
stresses that may be acting). This will l ead to vertical 
strains within the soil. The analysis will be followed through 
for both these assumptions in turn, in order to see how they 
affect the solution. 
8.2.1 Plane strain deformation 
From Hooke's laws, writing the radial (outward) movement 
of the soil as ~ and taking compressive strains and stresses 
as positi.ve: 
d~ 1 [L10 ~ - '0(L1o' + L10 ~) ] £ ::::: dr ::::: r E 8 
~ 1 [ L10 e - '0(L1o' + [\0 ~) ] (8.1 ) £8 ::::: ::::: r E z 
0 1 [L10' - '0(L1o' + L10')] £ := := Z E z r 8 
where L10' etc are the stress changes due to consolidation. 
r 
The plane strain condition gives L1o' ::::: '0(L1o' + L10 8' ) z r 
and so 
L10' -E [(1 - v) d~ + v f ] ::::: -(1+'0) (1-2'0f ar r r 
L10' -E [v ~ + (1 - v) t;, ] (8.2) ::::: (1+'0) (1 -2'0) 8 dr r 
L1o' L10' E [~ - f J - := (1+'0) 8 r dr 
L10' + L10' + L10' -E [~ + f J ::::: (1-2'0) r 8 z dr r 
The art~ficial velocity, v, of the pore water relative to the 
soil particles is given by Darcy's Law in terms of the pressure 
d · t dU gra len dr as 
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'. 
v = (8.3) 
where k = the soil permeability and y = the unit weight of water. 
w 
av For continuity, the rate of change of volumetric strain, at ' 
must be related to the flow of pore water into and out of any 
region by 
av 1 a Crv) at = ar r 
Since V = ( E + Ee + E z) , the rate of change of volumetric r 
strain is given by: 
= (l-2v) a (60'+60'+60') 
E at r e z 
Thus, substituting from equations (8.2) - (8.4): 
k [1 a au J a [aE; E; ] a [1 a ] y r or (r ar) = at ar + r = at r ar (rE;) 
w 
Changing the order of differentiation and integrating with 
respect to r gives: 
= 
aE; f et) 
at + --r-
where f(t) is a constant of integration (and thus may be a 
function of time) . 
(8.4) 
(8.5) 
(8.6) 
l8. 7) 
The final governing equation is that of radial equilibrium. 
In terms of total stress changes, 
Substituting 60 = 60 ' + 6u = 60 ' + u - u 
r r r 0' 
gives 
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(8.8) 
60
r 
- 60 e = 60
f 
- 60' re' 
(8.9) 
Thus (from equation (8.2» 
au 
ar 
= auo + E(l -v ) [a 2 t; + 1:. at; 
ar (l+v) (1-2v) Clr 2 r ar 
This may b e written as 
au 
.) 
au * a [ 1 a 0] 0 + E (r ar = ar- ar ar r 
* E(l - v) where E = (1 + v) (1 - 2v) 
(8.10 ) 
(8.11) 
Either u or t; may be eliminated between equations (8.7) and (8.11) 
Eliminating t; gives: 
a Clu * a [~ a au) ] at ai = c ar ar (r ar (8.12) . 
* k * k E(l - v) where c = E = (1 + v) (l 2v) Yw Yw -
Whence 
au = c*[1:. a au )] * V2 u + gl (t) 
ar 
(r + g 1 et) = c 
at r ar 
(8.13 ) 
where gl (t) is some function of t. 
Equation (8.13) is the same form as Terzaghi's one-
dimensional consolidation equation and it is interesting to 
note that the one- dimensional consolidation coefficient, c
vc
' 
is defined as c 
vc 
k 1 
m 
vc 
and * m = liE. 
vc 
Thus c 
vc 
* = c 
and the equations are identical apart from the function of t, 
gl (t). Perhaps this result might have been foreseen considering 
that in both cases there is only one degree of freedom of 
movement, in one c ase vertical and in the other case radial. 
It is also possible to eliminate u between equations 
(8.7) and (8.11) to give: 
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(r 0 ] _ f (t) r (B.14) 
B.2.2 Deformation at constant total vertical stress 
Before proceeding to a solution of equations (B.13) 
or (B.14) the corresponding equations will be developed for 
the case of deformation where vertical movement of soil (though 
not of pore wa ter) is allowed in order to keep the total 
vertical stress constant. Thus Et 0, ~o' = -~u, leading to 
z z 
6.0' -E [~ + v ; J v ~u = r (l ~v) (l+v) ar (I-v ) 
!ia' = -E [v~+~J v ~u . e (I-v) (l+v) ar r (I-v) 
~o' - ~o' E [~ ~ ] = e r (l+v) ar 
~o' + ~o' + ~o' -E [~ + 1. ] (l+v) ~u :=: -r 8 z (I-v) ar r (I-v) 
Thus the equivalent equation to (8.6) is 
~ [.J.:. L (r~) ] :=: (1- 2 v) L [~ + 1. ] + (1- 2 v) (1 + v) a u 
y r Clr · ar (I-v) Clt ar r (1-v)E at 
w 
which may be written as: 
* [~ a (r au ) ] au E* (l-2v) a [~ a oJ c ar - at = at ar (r ar (I-v) 
* * where c and E are the same as for the plane strain case 
(see equations (8.11) and (8.12)). 
(8.15) 
(8.16) 
(B.17) 
Substitution of the appropriate expressions into equation (8.S) 
yields 
au 
ar 
a .[1: a 
ar r ar 
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(r ~) ] (S .18) 
I 
J 
l 
-~ --l 
Thus the governing partial differential equation for the pore 
pressure may be written (having eliminated ~ between (S.17) 
and (S .1S») 
[1 a au J c * 2 r ar (r ar ) + g2 (t) = 2(1-v) Vu + g2(t) (S.19 ) 
Comparison of this equation with (S.13) shows that the coefficient 
of consolidation h as been reduced by the factor 2(1 - v) . The 
corresponding equation for the radial movement ~ is: 
Clu * k 0 c 
= 2yw Clr + -2~(~1---v~) a [1 a ] ar r ar (r ~ ) + r h (t) + h 2 (t) 1 r 
(8 . 20) 
where hl (t) and h 2 (t) are two functions of t. 
8 .3 BOUNDARY CONDITIONS AND GENERAL SOLUTION 
The boundary conditions for the consolidation process are 
given below: 
(i) ~ = 0 at t = 0 for r > r 0 
(ii) u = u at t = 0 for r > r 
0 0 
(iii) u -t- 0 as t -t- 00 for r > ro 
(iv) ~ = 0 at r = r for 0 t ~ 0 
(v) au 0 at for t > 0 
"3i = r = ro 
(vi) ~ -t- 0 as r -t- 00 for t ~ 0 
(vii ) u -t- 0 as r -t- 00 for t ~ 0 
Note that (iv ) and (v) are due to the assumption that the pil.:; 
is relatively rigid in comparison to the soil and that it is 
impermeable. Some simplif ication of the governing equations 
is now possible since conditions (iv) and (v) imply that f(t) = 0 
in equations (8. 7) and (8.1 4 ) . Also, conditions (vi) and (vii) 
imJ?ly that g-1 (t. l = , g2 (t) :::: h-1 (t) = 0 in equations (8.13), (8.19 ) 
and (8 .20 ) . 
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solutions to e quations of the forrn of (8.13) have been 
d e rive d by Carslaw and Jaeger (1959), but these are mathematically 
intractible and a conunon method is to solve the equations 
numerically using a finite difference approach (Banerjee, 1970). 
It is well known that Bessel functions of zero order are 
solutions of equation (8.13), but these do not lend themselves 
to satisfying the boundary conditions between r = rand r + 00. 
o 
However, a slight modifica tion to the boundaries enables these 
functions to provide a suitable solution. Considering Figure 
8.1, initially the pore pressure u will be zero for r . ~ R. 
As consolidation progresses, the value of r at which u = 0 will 
increase until at large values of t, u + 0 for all r. There 
will be some value of r, which may be designated r*, at which 
the exce s s pore pressure is never more than negligibly small. 
At t = 0, u will be zero at r = r* (> R) and, by the time the 
pore pressure s have reached the radius r*, the overall level 
will have dropped until they can be ignored for r ~ r*~ Thus 
the problem to be solved is that of a pile, surrounded by soil 
of finite permeability for ro < r ~ r*. Outside this radius, 
the soil may be considered as being infinitely permeable, so 
that u = 0 at r ~ r* at all times. Clearly, when the solution 
is obtained, r* will have to be varied to find how sensitive 
the solution is to the value chosen. Typically, it is to be 
expected that r* will be of the order of 5 or 10 times R, 
although the solution for times close to t = 0 will be obtained 
with much smaller values of r*. 
8.3.1 Solution for plane strain deformation 
The general solutions to equations (8.13) and (8.14) 
can be obta ined by separating the variables rand t (Carslaw 
and Jaeger, 1959) to give, for a separation constant of _a 2 
(8.21) 
.... a
2
t [ ] D S = B e J.l CA r ) + }l Y.1 (A r ) + h er) + r + Hr (8 .22 ) 
a [1 all auo a 2 
where at r 3r (r h (r ))J = E* ar- and A 2 = C* 
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The c o n s t a nts of integration are B , D and H, and F(t) is some 
f unction of time which t e nds to z e r o as t ~ 00 The Bessel 
functions, J , Jl, Y and Yl are of zero order or fir s t order, 
o 0 
J. b e ing Besse l functions of the fir s t kind, and Y. being 
1 1 
Bessel function s of the second kind. The linear combination 
of J. (.Ar) + ]1 Y. (Ar) i s a cylinde r function of the i th order. 
1 1 
Furth e r infor ma tion on the prope rties of cylinder functions 
can be obta ined from McLachlan (1934). 
Boundary conditions (iv) and (v) imply that: 
(8.23) 
Also, since u = 0 for r > rk ' , F (t) and B must both equal zero 
for r > r*. Thus for r > r*: 
u = 0 and t,; =K (tt 
r 
(8.24) 
For continuity of displacements ~ must be continuous at r = r* 
o~ 
and for continuity of radial stre ss, ar must be continuous 
at r = r*. However, for r > r * ~~ = - ~ from equation (8,24), 
, or r' 
and so, at r = r*, (~ + ~ ) must be. equal to zero for all t, thus or r 
(8.25) 
Equations (8.23) and (8.25) form the basis of the solution. 
Since the Besse l functions are periodic, there are still an 
infinite numbe r of solutions and the full expressions for u and 
~ are: 
* 
00 
E L B u = 
n=l 
u = 0 
00 
t,; L B = e 
n= l n 
t,; := .x(t) 
r 
- a 2t 
A n ~ 0 (Anr) e n n 
_<;x2t 
n Cl (Anr) + h (r) 
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+ Q + .H;r 
r 
r <r~r* 
o 
r>r* 
r < r~ r* 
o 
;r>r* 
(8.26) 
7 
where the cylinder functions have b een writte n as 
J. (x ) + II Y. (x ) = Ch (x ) • 
1 1 
/ 
In order to evaluate the coefficients B , it may be 
n 
noted thaJc at time t = 0, u = u 0' and thus, 
00 
* I (; u = E B A (A r) 0 
n=l n n 0 n 
(8 .27 ) 
From Fourier-Besse l analysis (McLachlan, 1934), if both sides 
of (8.27) are multiplied by 
ro and r*, then 
r 
o 
r (; (A r) and integrated between 
o n 
(B.28) 
where the relationships given by equations (8.23) and (8.25) 
have been used. Provided the left hand side can be evaluated, 
this leads to the formal solution of the .consolidation problem. 
B.3.2 Solution for constant total vertical stress 
From the simi larity of equations (B.19) and (B.13) ,it is 
clear that t_he same general form of solution holds for the case 
of deformation at constant total vertical stress. Thus the 
soil movement is given by 
where 
00 
E,; = I 
A2 = 
n 
n=l 
B 
n 
e 
-a:, 2 t 
n (;1 (A r) + h(r) + D + Hr 
n r 
2 Cl -v ) 
c* [-rl a ar 
(I-v) auo 
* ar E 
From equation (8.17) it may be seen that if u is given by 
00 
u = I 
n=l 
then BI = B 
n n 
BI e 
n 
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(B .29 ) 
(8.30 ) 
'(8.31) 
i ) 
Thus 
'I'he full 
u = 
u = 
t;, = 
t;, = 
where 
u = 
* E 
(l-v) 
solution may 
* 
co 
E I B (l-v) 
n=l n 
0 
co 
-a 2 t 
I n B e 
n=l n 
K (t) 
r 
(; (A r) 
o n 
now be written down 
-a 2 t 
A n ~o (Anr) e n 
D ~l (A r) + h (r) + 
. n r 
Cl (A r ) = ~ (A r*) = 0 
n 0 0 n 
+ .Hr 
r <r~r* 
o " 
r>r* 
r <r~r* 
o 
r>r* 
The coefficients, Bn' are obtained from Fourier-Bessel 
analysis and the equivalent expression to (8.28) is 
I
r *. 
u r 
o 
r 
· 0 
C (), r) dr 
o n 
--
* E B A 
n n 
2(1-v) - r2 C
2 (A r)] 
o 0 n 0 
8.4 lNITIAL EXCESS PORE PRESSURE DISTRIBUTION AFTER PILE 
DRIVING 
(8.32) 
(8.33) 
(8.34) 
In spite of a general awareness that pore pressures are 
increased round a driven pile, there are very few field data 
on the size ·.:)f these pore pressures. Sophisticated piezometers 
and instrumentation techniques are needed to measure pore 
pressures in low permeability materials such as clay; attempts 
to measure the pore pressure distribution in the vicinity of a 
driven pile have usually produced scattered and inconclusive 
results. This is often because too few piezometers were installed 
~146-
1 -
at inte rmedi a te distances from the pile. Figure 8.2 shows 
some data collected from Bjerrum and Johanne ssen (1961), 
Lo and Stermac (1965) and KoizW11i and Ito (1967); it can be 
seen that exces s pore pressures as large as the effective over-
burde n pressure are set up near the pile shaft and that these 
fall off approx imately linearly with the logarithm of the 
radius from the pile axis . 
8.4.1 Modelling of pile driving as expansion of a cylindrical 
cavity 
At small amounts of penetration of a driven pile (up to 
about ten radii), the soil movement is both outward and upward, 
giving appreciable heave of the ground surface. At larger 
pene trations , however, there is less surface heave and the 
displaced soil must move predominantly outwards (Cooke, Price 
and Tarr, 1978). This general form of soil movement has led 
to the mode lling of the install a tion of a pile as an expansion 
of a cylindrica l cavity from zero radius to some finite radius l) 
(Sode rberg, 1965; Banerjee, 1970). For a solid cylindrical 
pile, if the surface heave is ignored, this finite radius will 
be the radius ot the pile. For hollow piles, or where some 
allowa nce i s to be made for the surface heave, the cavity 
expansion may be considered to start from a finite radius and 
finish at the radius of the pile . . 
It is pos sible to make use of analyses developed for the 
interpretation of pressuremeter tests in order to estimate the 
stress changes which occur when a cylindrical cavity is expanded. 
In par ticular, if the soil is modelled as an ideal elastic, 
perfectly plastic, material with a shear modulus G and undrained 
shear strength c , then the expressions for the stresses around 
u 
the ex panded cavity are given by Hill (1950) and Gibson and 
Anderson (1963). For a cavity expanded from zero radius to a 
radius of r (the radius of the pile), the radial and circum-
o 
ferential stress changes within the plastic zone (r
o 
< r ~ R) 
are given by (compressive stresses taken as positive ) 
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60 = c [1 + In(G/c ) - 2 In(r/r )] 
r u u 0 
(8.35) 
(8 . 36) 
where the limit of the plastic zone is given by 
. R/ro (8.37) 
Under plane strain conditions, the effective vertical stress 
will remain constant. The excess pore pressures generated may 
be estimated assuming that, for undrained conditions in the 
soil, the mean effective stress change must be zero. Thus the 
e x cess pore pressure distribution is 
u = 
60
r 
+ 60 e 2 = c [In(G/c ) - 2 In(r/r )] 
u u 0 
(8.38) 
Outside the plastic zone, the e x cess pore pressures will be 
zero since 6 0
r 
and 60 e are equa l and opposite in size, 
(R/r)2) . Thus the initial pore pressure 
distribution, to be substituted into the consolidation solution, 
may be written 
u = 2 c 0 u In (Rjr) ro < r ~ R 
(8.39) 
u = 0 r > R 0 
1:: 
where R/ro = (Gj c ) 2. U 
For the case of a hollow pile, or where some allowance 
is made for vertical movement of the soii during driving of 
the pile, the increase in volume of the cavity may be reduce d 
by a factor B which, for a hollow pile, will be the ratio of 
n e t volume to gross volume of the pile. By considering the 
cavity as being expa nd e d from an initial radius r. to the pile 
1 
radius r 0' where B = (r~ - ri )j;r ~, the e x cess pore pressure 
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distribution immedi a tely after driving is given by equation 
(8.39) but with the outer radius of the plastic zone given by 
(8.40 ) 
It should be noted that the assumption of an elastic, 
perfectly plastic , soil model, although clearly an idealisation, 
may lead to reasonable predictions for the excess pore pressures 
generated provided suitable values for the secant modulus G 
are chosen (Ladanyi , 1963; Marsland and Randolph, 1977). 
Alterna tively, if the stress-strain curve for the soil has 
previously been measured by pressuremeter tests (see, for 
example, Wroth and Hughes, 1973; Windle and Wro ·th, 1977) or by 
suitable laboratory tests (Wood and Wroth, 1977), then the 
analysis of Palmer (1972) may be used to calculate the radial 
stress at the edge of the cavity. Palmer derived an incremental 
relationship for the pressure needed to expand a cylindrical 
cavity under undrained plane strain conditions: 
6.0' - 6.08 r . 
::: 
Y-1 (1 + Y-1) (2 + . Y-1 ) 
(8 .41) 
where Yl is the radial extension of the cavity, normalised by 
the initial radius of the cavity. The extension Yl is 
numerically equal to the circumferential strain at the edge 
of the cavity and thus, since there is no volume change, also 
equal to the radial strain. The quantity 6.a
r 
- 6.0'8 is the 
principal stress difference at the edge of the cavity. By 
substituting the appropriate stress-strain law into equation 
(8 .41) and integrating for Yl varying from 0 to 00 , it is 
possible to deduce the limiting pressure on the pile-soil inter-
face after pile driving. 
8.5 U1PLEMEN'l'ATION OF THE INITIAL EXCESS PORE PRESSURE 
DISTRIBUTION INTO THE SOLUTION 
The distribution of excess pore pressure given by 
equation (8.39), for the idealised soil model, may need to be 
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modifi e d s lightly when the a n a l ys i s of the cavity e xpansion 
is c a rrie d out for a non-- l i n e a r soil model. However, the 
loga rithmic var i a tion is a I'easonable interpretation of the 
sma ll amount o f field data avail able. Thus s ubstitution of 
equation (8 . 39) into the consolidation solution should yield 
a sens ible pre diction of the vari a tion of pore pressure around 
a drive n pile with time. 
8.5.1 Plane strain deformation 
From equa tion (8.22) it may be noted that 
[
1 d 
rar 
Substituting equation (8.39) and integrating gives 
her) = r In Cr) 
her) = 0 R < r ~ r* 
(8.42 ) 
(8.43) 
whe re terms in rand l/r have been omitted since they are 
already repres ente d in equation (8.22). From boundary conditio n 
(i v) , 
c D u In (r
o
) + + H 0 ~ r ro = 
E 0 ro 
(8.44) 
Also, from the condition that a.t .r* ~ + S. = dr r 0, H must be 
zero for R < r ~ r*. Finally, continuity at r = R gives 
c D D' [~ (R-) ~ (R +) J u R In (R) + + HR (8.45) ~ = = 
E R R 
and 
c (1 + In (R») D' [(mR- (~; )R+] u D * - -2 + H - - R2 = (8.46) E R 
whe re D' is the value of D for R < r ~ r*. 
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c [~ + In (R) ] Thus H u = --=k 
E 
c [! + In(i
o
)] D r2 u (8.47) = --:;< 0 E 
c [- R2 (~+ln(~J)] D' u + r2 = -=k 
E 2 0 
The final solution is: 
00 
-a 2t 
* I n ~ (A r) u = E B A e r <t~r-J· 
n=l n n o n b '" 
u = 0 r>r~' 
00 
-a 2t 
+ :~ [r 1n(;*) r2 In(:~) J ~ I B n (gl (Anr) 0 r <r~R (8.48) = e 
n=l n r 0 
00 
-a 2 t :~r[R 2 1n(;*) In( :?) ] t;, I B n ~l (Anr) + - r2 R<r~r* = e 
n=l n 0 
r; = K (t) r>r* 
r 
* 1 * where R has been written for RIe , so that "2 + In(R) = In(R ) . 
The coefficients B may be established by performing the 
n 
integration in equation (8.28) to give: 
B 
n 
4c 
u 
= -*-
E 
8.5.2 Deformation at constant total vertical stress 
(8.49) 
By comparing the form of equations (8.29) - (8 .34 ) with 
equations (8.21) - (8 .28), it may be seen that the same solution 
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holds for the case of deformation at constant total vertical 
stress with two differences: 
* (i) * E must be replaced by 
which are increased by 
E "d f t' (I-v) , g Ivlng e orma lons 
1 
the factor (I -v ) 
(ii) a~ = A~ . 2(1~~) , and so the consolidation time has 
been increased by the factor 2(1-v). 
Details of the computing algorithms adopted to evaluate 
the solution which has been developed above, are given in 
Appendix C. For displacement piles, where R is given·by 
equation (8.37 ), r* was taken as between 5 and 10 times R, 
depending on the time since consolidation started. Fifty 
Bessel function terms were taken to ensure sufficient accuracy. 
8.6 VARIATION OF EXCESS PORE PRESSURE DURING CONSOLIDATION 
Figure 8.3 shows the variation of pore pressure at the 
pile shaft for a variety of soils categorised by differing G/c 
u 
values (thus giving different values of R). The pore pressures 
are normalised by the undrained shear strength, c
u
' and the 
time has been plotted non-dimensionally as the logarithm of 
ct/r~, wh~re c is the relevant consolidation coefficient 
(c * or c*/2(1-v)). In Figure 8.4, the consolidation process 
is shown for G/c = 50. The pore pressure distribution with 
u 
radius at different values of ct/r~ is shown and it is clear 
that non-zero excess pore pressures quickly develop at radii 
greater than the initial plastic zone. Note that the pore 
pressure close to the pile falls off very rapidly to start with . 
This phenomenon has been reported by Seed and Reese (1955) and 
by Eider Hutchinson and Landva (1961) who show very rapid 
increases in bearing capacity of a driven pile within a short 
time after driving . Figure 8.5 shows a comparison between tile 
theoretical decay of excess pore pressure predicted by the above 
solution and the measured increase in bearing capacity as a 
percentage of the long-term bearing capacity. The time scale 
has been non-dimensionalised by dividing by the time taken for 
90 per cent of the consolidation to have occurred. The 
theoretical curve has been calculated for G/c = 100 as this 
u 
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seemed an appropriate value from the reported soil data in the 
two cases. It should be noted that, because of the manner in 
which the time scale has been non-dimensionalised, the curve is 
relatively insensitive to the value of Glc . 
u 
8.7 CHANGES IN PRINCIPAL STRESSES DURING CONSOLIDATION 
Although the prediction of the time for consolidation to 
take place is of fundamental importance to the process of pile 
installation, the more challenging problem is to estimate the 
final bearing capacity of the driven pile. Eide et al (1961) 
show that the final failure load of the pile was substantially 
larger than that predicted from measurements of the initial 
strength (i.e. before driving and consolidation) of the soil. 
In order to achieve an accurate estimate of this final bearing 
capacity, the principal stress changes which take place during 
consolidation must be calculated. The stress state at the end 
of consolidation may then be used as the starting point for an 
effective stress approach to the calculation of the stability of 
the pile. 
8.7.1 Plane strain deformation 
By substituting the expressions for ~ into equation (8.2) 
the changes in principal effective stresses may be calculated. 
The values at the pile shaft are: 
b,a' = r - LlU 
Lla' v (- LlU). ::: (.l-v) e (8.50) 
b,q = Lla' - b,a' == (l-2v) (- LlU) r e Cl-v) 
Llp' = lCLla' + f.:..a' + Lla ' ) == Cl+v) (- LlU) 3 r e z 3 (l-v) 
8.7.2 Deformation at constant total vertical stress 
The equivalent stress changes at the pile shaft for the 
other assumption about the mode of deformation are given by 
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(see equation (8.15)) : 
!J.a' 
r = 
- !J.u 
!J.a' e = 2v(- !J.u) 
/ 
~q = !J.a' - !J.a' = (1 - 2v) (- !J.u) r e 
!J.p' = !(~a' + !J.a' + !J.a ' ) = ~(l + v) (- !J.u) 3 r e z 3 . 
808 CONCLUSIONS 
An analytic so~ution for the consolidation around a 
driven pile has been presented, based on radial flow of pore 
water. The soil skeleton has been assumed to deform linearly 
under plane strain or plane (total) stress conditions. The 
validity of the assumption of linear deformation is questionable, 
particularly in view of the predicted stress changes in equation 
(8.50) and (8.51) which show the deviator stress increasing 
during consolidation. In practice, the soil close to the pile 
will continue to deform plastically (much as during virgin 
consolidation) and thus the 'elastic' constants governing the 
deformation in this region should correspond to the slope of the 
virgin consolidation line of a typical plot of pressure against 
voids ratio. By contrast, the soil further out from the pile 
will swell during consolidation and so the elastic constants 
governing this deformation should correspond to the slope of 
the swelling line of a pressure - voids ratio plot. 
The general case of different elastic constants for the 
consolidating and swelling regions of soil is too complex to 
be tackled analytically. For the solution developed here, the 
behaviour of the soil close to the pile is probably the dominant 
feature and the value of the consolidation coefficient c* 
should be chosen accordingly. It is planned to compare the 
results of this analysis with those from a finite element analysis 
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using a more realistic soil model. Preliminary results (Carter, 
1977) have shown that the calculated dissipation of the excess 
pore pressurei with time are relatively unaffected by the 
assmnption of a linear soil model. However, the predicted stress . 
changes are much more dependent on the type of soil model. In 
particular, the increase in effective radial stress predicted 
by the analysis presented above (equations (8.50) and (8.51) 
show the total radial stress to be constant during consolidation) 
is not borne out by finite element analysis using an elastic, 
perfectly plastic, soil model. This latter analysis shows a 
smaller increase in effective radial stress ,and thus a drop in 
the total radial stress. This has been observed in the field 
by Clarke (1977) during strain-controlled tests using a self-
boring pressuremeter. 
In conclusion, the analysis presented in this c :hapter 
may be used with some degree of confidence to estimate the time 
taken for the excess pore pressures, generated during pile 
driving, to dissipate. Figure 8.5 shows that the decrease in 
excess pore pressure with time near the pile is closely related 
to the increase in bearing capacity of the pile. However, to 
obtain absolute estimates of the bearing capacity, the principal 
stress changes near the pile must be estimated; this requires 
a more realistic soil model. It is interesting to note that 
the consolidation coefficient c* for plane strain deformation 
is equal to the one dimensional consolidation coefficient c 
vc 
This hasa usef~l consequence in that it becomes possible to 
obtain in-situ measurements of the coefficient of consolidation, 
by monitoring the decay of excess pore pressures around a 
driven pile. These measurements could also be obtained from a 
standard pressuremeter, fitted with a pore pressure transducer. 
The probe would be expanded rapidly to a fixed volume and the 
subsequent decay of generated pore pressures (and total radial 
stress) measured. Tests of this nature are currently being 
undertaken with a self-boring pressuremeter by Clarke (1977). 
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CHAPTER 9 - CONCLUSIONS AND FUTURE RESEARCH 
In spite of th~ non-linear behaviour of soil, the likely 
deformations of mo s t piled foundations are at present estimated 
on the basis that the soil may be characterised by elastic 
behaviour. Even with this simplifying assumption, it has been 
necessary to use expensive numerical techniques to analyse how 
the stiffness of the pile-soil system may vary with the geometry 
and stiffness of the pile, or the stiffness of the soil. The 
author has attempted to derive alternative solutions to the 
problem of pile analysis, in the for~ of equations giving the 
load-deformation ratio of the pile. The advantage of these 
equations is that they may be used to obtain rapid estimates 
of the deformation of a piled foundation with the assumption 
of a linear soil. The more sophisticated numerical methods 
may then be reserved for pile analysis using more realistic 
soil models. 
9.1 VERTICALLY LOADED PILES 
The semi-analytical model developed in Chapter 4, for 
vertically loaded piles, is not only applicable to fully floating 
friction piles, but may also be used to estimate the load-
settlement ratio of piles which have b een found e d on a more 
rigid substratum. The model is particularly suitable for back-
analysing pile tests to obtain a shear modulus profile for the 
soil. Emphasis has been placed, during the development of the 
solution, on the manner in which the load was assumed to be 
transferred from the pile to the soil. This has led to a 
better understanding of pile behaviour so that a pa~icular 
analysis may be modified to account for features such as a 
partially sleeved pile, or a softened layer of soil at some 
depth down the pile. The equations developed provide a simple 
means of obtaining design charts for piles in a particular soil. 
These charts show how the settlement of a pile for a given load 
depends on the dimensions of ihe pile, and also indicate 
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uneconomic areas of design, where increasing the length of the 
pile has an insignificant effect on the settlement at the 
pile head. 
Extension of the "model to the analysis of pile groups is 
possible by superposing the settlement patterns due to the 
various piles within the group. As found in practice, the analysis 
indicates that a higher proportion of the load in a pile is trans-
mitted to the base when there are neighbouring piles. The 
interaction between piles in a soil whose stiffness increases 
proportionally with depth is considerably lower than for similar 
piles in an homogeneous soil. Both for the case of a single 
pile, and a group of piles, further study is needed into the 
value of r , the limit of influence of the foundation. Although, 
m 
for a single pile, a value of rm has been derived empirically 
for a pile in an infinite layer , it is not clear how this value 
will decrease as the depth of the layer decreases. For finite 
element analyses where there was a rigid layer at a depth of 
2.5 i , r was reduced by a factor of 0.8. For shallower layers, 
m 
further reduction will be necessary. For the analysis of pile 
groups, the limit of influence of the group was extended by an 
amount r , related to the dimensions of the group. Further g 
research is needed to determine the best choice for r as the g 
size and shape of the pile group varies. 
Probably the most important area of further research for 
vertically loaded piled foundations is how the presence of the 
pile cap affects the stiffness of the pile group. The load-
settlement ratio for the pile group and the pile cap may be 
estimated independently but the preliminary results presented in 
Chapter 7 show that superposition does not, in general, apply. 
One possible line of approach is to assume that the pile cap 
'shields' the tops of the piles, thus reducing the effective 
length of pile capable of transferring load to the soil. The 
load- settlement ratio for the pile group could be reassessed with 
this reduced length of pile before adding the group and cap 
stiffnesses to obtain the overall stiffness of the foundation. 
Even without this empirical way of allowing for the pile cap, it 
seems that the proportion of load taken by the cap may be 
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estimated with sufficient accuracy by considering the stiffn~ss 
of the pile cap as a fraction of the total stiffness of pile 
group plus pil~ cap. There is much scope for future research 
in this area . 
9.2 HORIZONTALLY LOADED PILES 
The integral equation method has been widely used for the 
analysis of horizontally loaded piles. However, it appears from 
comparison with results from finite element analyses, that the 
idealisation of the pile as a thin strip is inadequate. Although 
idealisation of the pile as a cylinder, with a uniform stress 
resultant acting round it, gives some improvement, future appli-
cation of integral equa-tion analysis to horizontally loaded piles, 
must consider the variation of the stress resultant round the 
pile. 
Analysis of horizontally loaded piles using linear load 
transfer functions entails choosing a suitable value for the 
coefficient of subgrade reaction. It has been shown that this 
coefficient is not a property of the soil only, but depends on 
the dimensions and stiffness of the pile and also on the type 
of loading. ' However, for soils whose stiffness increases pro-
portionally with depth, ~t is possible to choose a value for the 
gradient of the coefficient of subgrade reaction, which gives 
the same deforrrtation at the head of the pile and bending moment 
distribution down the pile, as an equivalent finite element 
analysis. The form of the relationships giving the deformation 
at the head of the pile, in terms of the pile properties and the 
coefficient of subgrade reaction, was deduced from dimensional 
analysis. 
By analogy with the results of load transfer function 
analysis, similar power law relationships were arrived at for 
the deformation at the pile head, for a pile in an elastic con-
tinurnu.The concept of a critical pile slenderness ratio, 
deducible from the ratio of pile stiffness to soil stiffness, 
plays an important role in the lOad-deformation characteristics 
of the pile. The results presented have been concerned mainly 
--158-
I 
I 
It 
11 
I 
with piles that are longer than this critical slenderness 
ratio, since such piles are most commonly encountered in 
practice. It is possible that further research may lead to 
slightly di fferent forms for the relationships giving the critical 
slenderness ratio and the deformation of the pile head, than 
those given in Chapter 6. However, in the meantime, it is 
considered tha t these equations are sufficiently accurate and 
provide an efficient method of estimating in the design stage s 
the likely deformation of a horizontally loaded pile. Of 
particular significance is the ability to calculate a reasonable 
upper bound to the pile deforma tion by considering a soil whose 
shear modulus is reduced near the surface (see section 6.5.1). 
The analysis of horizontally loaded pile groups has been 
approached by means of interaction factors, giving the fractional 
increase in the deformation of one pile due to the presence 
of a similarly loaded ne ighbouring pile. It is considered 
that the mo s t relevant interaction factor is that for two fixed 
hea d piles and a simple relationship has been proposed showing 
how thi s facto r may v ary with pile spacing. It was found that 
the most u seful dimensi.on with which to normalise the pile 
spacing was the geometric mean of the pile radius and the 
critical length of the pile. A method of estimating the deform-
ation of a capped pile group was proposed. However, further 
research is needed to study (i) the interaction factors for 
moment loading of the piles in terms of those for fixed head 
deforma·tion f and (ii) the strengthening effect of the pile cap, 
particularly in relation to the amount of horizontal load which 
the cap transfers directly to the ground. 
9.3 EFFECT OF INSTALLATION OF PILE 
A preliminary study has been made of the effect of instal-
ling a driven pile on the stiffness of the surrounding soil. 
An analysis has been d eve lope d, based on the ideali sed mode l of 
a soil which deforms linearly during consolidation, for the 
dis s ipa tion of excess pore pressures generated during driving 
of the pile. The initial excess pore pres sure distribution has 
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been e s tima t e d a ssuming an elastic, perfec'cly plastic, soil 
model. It i s cons idered that the consolidation so l ution will 
provide a good e s timate of the time taken for the excess pore 
pressures to b e dissipated. It was shown that, for radial soil 
movement, the coefficient of consolidation is the same as tha t 
for ordinary one dimensional consolidation. 
The n ext stage in e s timating the disturbance due to 
pile driving, is to consider the effective stre ss state after 
full consolida tion has occurred. A more realistic soil model 
is needed for this, although the results using a linear model 
indicate tha t the stiffness of the soil close to the pile 
increases during consolidation, since the mean effective stre ss 
increase s. Clea rly much research needs to be done concerning 
the disturbance due to pile installation. It is hoped that 
the solution for radial consolidation of a linear soil may 
provide a ba s i s for a more sophisticated solution taking into 
account the non- linear deformation of soil. 
9.4 FUTURE RESEARCH 
The re s e a rch in this thesis has been exclusively theoretical, 
relying on published data from pile tests in order to sub-
stantiate the proposed models of pile behaviour. The short-
comings of the theoretical models, and the manner in which the 
analytical me thods might be improved in the future have been 
discussed above. However, the most important aspect of any 
future research must be to establish the validity of the models 
by conducting carefully controlled load tests on full-scale piles. 
It is hoped that the ease with which a vertical load test may 
be interpreted to give a shear modulus profile for the soil 
will enable pile tests to play a larger role in sj.te investi -
gation . Where the cost of the proposed foundations justifies 
an extensive site investigation, the testing of a single ins tru-
mented pile ma y prove a more economic and reliable method of 
ob"taining v a lues for the soil stiffness than other forms of 
in situ testing. 
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Of particular significance for the design of piles is 
the loss in efficiency when long compressible (and flexible) 
piles are used. This is clear from the concept of a critical 
length for horizontally loaded piles and has also been demon-
strated for vertically loaded piles (see Figure 4.15). It will 
be necessary, in the future, to improve the efficiency of 
foundation design in order to reduce costs. It is hoped that 
the availability of simple analytical models will help this 
process. The eventual aim must be to design combined raft and 
piled foundations which make full use of the whole length of 
each pile and also take full account of the ability of the raft 
to withstand vertical and horizontal load. 
Analysis of piled foundations is hampered by the lack of 
knowledge of the effect of installing the pile, particularly 
in the case of driven piles. The modelling of the installation 
process as the expansion of a cylindrical cavity needs to be 
verified by suitable model tests. Analysis of the subsequent 
consolidation around a driven pile has led to a possible method 
of measuring the coefficient of consolidation in the field, using 
a pressuremeter fitted with a pore pressure transducer. In 
many respects, the analysis of a pressuremeter test is similar 
to that needed for a driven pile and it is hoped that, in the 
future, this test will be made full use of in estimating the 
effective stress changes around a driven pile. 
9.5 CONCLUSIONS 
The research described in this thesis has attempted to 
improve the understanding of the manner in which piles transfer 
load to the surrounding soil. Rather than use expensive computer 
techniques of analysis, simple models of pile behaviour have 
been developed to enable design engineers to estimate the likely 
deformation of piles. It is hoped that these models, based 
on the assumption of linearly deforming soil, may be applied 
equally well to real soils, by taking appropriate values of the 
soil stiffness. In this way a more rational and consistent 
basis for the design of piles may be established. 
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TABLE 3.1 - Compaiison of results from cantilever 
problems (Figure 3.2) 
Finite element Airy stress 
analysis analysis 
uUI,/2,o)/o 0.0105 0.0105 
u(~,o)/o I 0.0120 0.0120 
v(~/2,o)/o 0.0649 0.0647 
v(~,o)/o 0.1816 0.1812 
a (0.4~,o)/q 108 108 
x 
a (0.8~,o)/q 48 48 
x 
a (0.4~,o/2)/q -0.23 -0.34 
Y 
ay(0.8~,o/2)/q -0.23 -0.34 
Txy(0.4~,o/2)/q -7.7 -6.8 
T · (0.8~,o/2)/q -2.6 -2.3 
xy 
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TABLE 3.2 - Comparison of principal stresses and angle of 
axes at element centroids for disc problem 
Finite element f Airy stress 
analysis analysis 
01 Rip -10.2 -9.0 
x ::::: 0.493 R 
02 RIP 0.13 0.27 
Y ::::: 0.795 R eO 86.5 84.8 
01 Rip -3.4 -3.5 
x ::::: 0.463 R 
02 Rip 0.15 0.24 
y " = 0.687 R 
eO 81. 8 79.8 
01 Rip -1. 7 -1. 8 
x = 0.427 R 
02 Rip 0.19 0.25 
Y = 0.483 R e 0 83.0 82.3 
, 
TABLE 3.3 - Comparison of finite element analysis of a thick 
walled cylinder with the exact solution 
I 
U Ca) u(b) o e (a) o e (b) 0 (a;b) r 
-a a p p p 
Finite 
element 
analysis 0.808.10 -4 0.565.10 -4 0.810 0.321 -0.143 
'I'rue 
solution 0.819.10 -4 0.578.10 - If 0.796 0.318 -0.124 
I 
-1 73 -
I 
TABLE 3 .4 - Comparison o f results for loading of a 
rigid punch 
Load ing Non-dimensional Analytic Finite- % error 
displacement element 
Gr w 
VerU.cal 0 0.150 0.140 6.7 P 
v 
Gr u 
Horizontal 0 0.198 0.185 6.6 
Ph 
Gr 3 e 
Ivloment 0 0.225 0.200 11.0 Ivl 
Y 
Gr 3 <p 
Torsion 0 0.187 0.164 12.3 T 
z 
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I 
~ 
-...l 
lJ1 
I 
, 
rb 
- = 2 
ro 
rb 
- = 3 
r 
0 
rb 
- = 4 
ro 
, 
Integral equation analysis Analytical model 
(s·ection 4 .4 ) 
I ~ \ , Pt Pb Pb Pt P, _ 9- D G r VVt G r o Wb I P 0 G r o wt G r o wb . 0 I t , 
I I 
'V = 0 59.9 . I 8.3 13.9 60.5 I 8.0 
'V == 0.4 69.1 11.7 16 . 9 72.4 13.3 
I 'V = 0 62.9 15.1 24.0 62.5 12.0 
'V = 0.4 73.6 21. 5 29.2 76.8 20.0 
I 
'V = 0 66.6 I 22.5 33.7 64.4 16.0 
\ 
'V"= 0.4 78.9 31.7 40.2 81.1 26.7 
- - - --
TABLE 4.1 - Comparison of load-settlement ~atios for underreamed piles, 
~/r = 40. 
o 
- ~ 
Pb 
- % 
Pt 
I 
13.2 I 
18. 4 
19.2 
26.0 
24.8 
32.9 
, 
/ 
TABLE 4.2 - Comparison of effect of pile compressibility as 
Pile stiffness 
wt 
-
wb 
Q, 
40 - = r 
0 
Pt 
G rH s _o t 
wt 
-
wb 
Q, 
- = 80 r 
0 
Pt 
G sroWt 
computed by integral equation analysis and 
equations (4.31) and (4.33). Poisson's ratio 
for the soil is v = 0.4 . 
E 
ratio A = -.I2. 10 6 10tl 3.10 3 10 3 G 
s 
integral equation 1.00 1.05 1.12 1. 49 
analysis 
equation (4 .31 ) 1.00 1.04 1.13 1. 42 
I integral equation analysis 67.8 65.7 61. 3 52.0 
I 
equation (4.33) 68.0 66.0 61.6 52.3 
integral equation 1.00 1.16 1. 54 2.68 
analysis 
equation (4.31) 1.00 1.14 1. 48 2.66 
integral equation 112.7 102.2 85.2 61. 6 
analysis 
equation (4 .33) 111. 5 101. 6 84.9 60.4 
.,.1 76-
3.10 2 
2.66 
--
2.61 
36.8 
36.0 
(6.75) 
(9.9 2 ) 
--
(38.0) 
(3 5.0 ) 
TABLE 4.3 - Comparison of computed settlement ratios for 
radial soil inhomogeneity . Predictions are 
given by: 
Pt 
G r wt 00 0 
G r w 
00 0 t 
= 
4 2n 
""-(-=-l---v) + 1;; 
£, 
r 
o 
where 1;; is calculated from equations (4.36) (a), 
1;; T r (b) and (c) written in the form: w = 0 0 
s G 
00 
Radial inhomogeneity case (a) (b) (c) 
(see section 4.6.1) 
Finite element 
analysis 72.5 61.3 56.3 
(see above) 71.6 62.0 57.1 
TABLE 4.4 - Comparison of computed settlement ratios for 
vertical soil inhomogeneity. Predictions are 
given by: 
Pt 
= G£, r wt -0 
Degree of vertical 
inhomogenei t.y 
p = 
G(£'/2) 
G (£) 
:Finite element 
Pt 
analysis 
G.Q,. rowt 
(see above) 
1.0 0.8 
(homo-
geneous) 
72.5 62.8 
71.6 61. 8 
-177-
(given by 
equation 
0.6 
52.4 
51.5 
(4.43)) 
0.5 
( 'Gibson) 
47.1 
46.2 
-
Pt 
- ---
G£rowt 
TABLE 5.1 - Comparison of computed and predicted load 
sett l ement ratios for compressibl e piles 
in a non-homogeneous soil. ~ = E /G = 10 3 P £ 
Degree of vertical non-homogeneity 
p = 1.0 p = 0.8 p = 0.6 p = 0 .5 
(homogeneous ) ( 'Gibson ' ) 
(a) 42.2 37.0 31.2 28.0 
£ 20 (b ) 41. 6 36.5 31.2 28.5 - = 
ro 
(c) 41.5 36.7 31.7 28.6 
(a) 53.6 46.8 39.2 34.8 
£ 40 (b) 54.5 46.7 34.5 - = 38.7 r 
0 
(c) 56.1 48.0 40.0 36.1 
(a) 66.6 55.2 44.5 38.3 
£ 
- = 80 (b) 52 .4 37.2 r 62.1 42.4 
0 
-" 
(c) 72.9 63.6 53.8 43.8 
(a) = Finite element analysi s 
(b) = Equation (4.44) 
(c) = Approximate method of section 5.4.2 
(Note that all analyses are for a rigid layer at a d epth 
of 2.5 £ ) 
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TABLE 6.1 - Reese and Welch (1975~ Laterally loaded pile test 
I ., Applied shear Measured Theoretical Theoretical 
force - kN values (homogeneous JGibson soi l) soil) 
90 0.508 2.06 (4.12) ~ 
180 2.29 - 3 .00 4.12 (8.24) .. 
Ul 
l=! 
270 6.45 9.91 6.18 12.36 rd 0 - rd -.... 1 
Q) ~J 
..c: u 360 14.88 - 22.10 (8.24) 16.48 Q) Q) r-l 
r-l lH 
.,-j Q) 
450 29.46 - 39.62 (10.30) 20.60 III 'd 
90 65.5 63.2 (126.4) 
'd 
180 150.3 - 161.6 126.4 (252.8) Q) u 
:J 
'd 
~ 
270 270.0 313 . 0 189.6 379.2 s::: z - -,-j 
.Y! 
S Ul 360 438.4 505.1 (252 . 8) 505.6 ~ - ~ l=! 
-,-j Q) 
, 
:x: ~ 
rd 0 450 627.2 - 704.0 (316.0) 632.0 ~ ~ 
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TABLE 6.1 - Reese and Welch (1975), Laterally loaded pile test 
i .. Applied shear Measured Theoretical Theoretical 
f o rce - kN values (homogeneous :(Gibson soil ) soil) 
90 0 .508 2.06 (4.12 ) ~ 
180 2.29 - 3.00 4.12 (8.24) ... 
(fJ 
I=! 
2 70 6.45 9 .91 6.18 12.36 ro 0 I - m ·,-1 (1) ~J 
..c: () 
360 1 4.88 - 22.10 (8.24) 16.48 (1) (1) 
.--l 
.--l ~ 
·rl (1) 
450 29.46 - 39.62 (10.30) 20.60 P.J ro 
90 65.5 63.2 (126. 4 ) 
'd 
180 150.3 - 161.6 126.4 (252.8) (1) () 
::s f=i 
'd 
270 270.0 313.0 189.6 379.2 I=! z - ·rl ..Y: 
~ (fJ 360 438.4 505.1 (252 .8 ) 505.6 ~ - f=i I=! 
·rl (1) , 
><: f=i 
450 627.2 - 704. 0 (316.0) m 0 632.0 ~ 8 
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TABLE 7.1 - Res ults of fini te element analyses of pile and cap 
Components I Combined 
Pile Cap Pile & Cap Remarks 
Vertical P 74.2 33.0 82.6 'V 25% of load taken --load Gr w by 0 cap 
Ul 
::l Horizontal P 19.0 27.5 31. 3 maximum bending moment 0 --
(l) load Gr u 
f::.-I 0 reduce d by 'V 50 % 
(l) • ..-I by cap tJlO 
o Ul 
~ Moment M 0 
Gr 2 u 204 275 407 'V 25% of applied mom-::r:: load 
0 ent absorbed by cap 
Vertical P 6 % of load taken by load mr 2 w 1872 176 2000 'V 
0 cap 
I 
) Horizontal P 1 
f:: load -- 7.7 0.-1 mr 2 u 16.0 19.6 maximum bending mome nt 
Ul . ..-1 0 reduced by 20% 
..00 'V 
• ..-1 Ul by c ap 
19 
Moment M 2360 608 2940 10% o f applied mom~ load mr 2 u 'V 
0 ent absorbed by cap 
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I 
t-' 
co 
t-' 
I 
r 
2 x 2 
pile 
group 
3 x 3 
pile 
group 
Pile spacing 
6r
o 
8r
o 
10r
o 
6r
o 
8r
o 
10r
o 
I Cap dimensionsj" (m) 
I 
0.047 x 0.047 
0.076 x 0.076 
0.085 x 0.085 I 
0.094 x 0.094 
0.112 x 0.112 
0.130 x 0.130 
Load-deflection .ratios 
calculated 
p 1  P I p p 
- piles ,. cap I ~ piles + ~ - cap 
u u u u 
kN/mm I kN/mm kN/mm 
0.0223 0.0132 0.029 
0.0253 0.0214 0.036 
0.0297 0.0239 0.042 
0.0299 0.0265 0.043 
0.0388 0.0315 \ 0.055 
0.0472 0~0366 0.066 
measured 
P 
u 
kN/mm 
0.025 
0.036 
0.040 
0.052 
0.060 
0.064 
TABLE 7.2 - Theoretical and measured load-deflection ratios for laterally 
loaded pile groups 
, 
- I 
/ 
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Pr = L Rn cos (n8) 
n =O 
N 
Pz = L: Z n cos (n e) 
n=O 
( a ) Symmetric load ing 
~~JI -/1 - h 8~O L · . 
I 
N 
Pz = L Z n s in(n8) 
n :-~ O 
(b) S k e w s y m met r i c loa din 9 
N 
Pe = L:Tn sin (ne) 
n::O 
N 
Pe :: L: T n cos(ne) 
n :: O 
FIGURE 2 .. 1 Ha rm on ic lo ad ing of an a>(isymmetric solid 
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. I 
I 
Pr = PCOS 8 
+ 
Px = '1-cos8 - Pe sin8 = P 
Py = Pr si n e + Pe cos 8 = 0 
P8 =-Psine 
(a) Loading for app lied horizontal force 
I / 
Pz = P case My = rraP 
(b) Loadi ng for appli ed m omen t 
/ 
FIGUR E 2.2 Comp onents for lateral loa.ding of a pile 
(al l forces are per radian) 
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FIGURE 2.3 Scheniatic diagram of integ,-a l equation approach 
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Cross-section 0 
(a) 
Cylindrical 
pile 
Cross-section ~ 
( b) 
-;. • - displacement 
field po i n ts 
Pile idealised 
as a thin strip 
FIGURE 2.4 Ideali sa tion of horizontally loaded pile for integral equation 
analysis 
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.,fr 
(b) Ideal i sed pi le 
w · I 
q . = I 
(c) Load transfer function 
FIGU RE 2.5 Analysi s of vertical pile test uSing load transfer functions 
G 
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" positions of 
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Of i may be non - I inear) 
./ 
moment tak en by 
i th spring is M i d i splac ernent of 
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FIGURE 2.6 
p. 
I 
u· I 
(c) Load transfer function (p-y curve) 
Analys is of hor izo n tally 10 ad ed p; le test us; ng load 
transfer functions 
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D 
o - nodes 
(} - integration points 
(wh ere DI = 0.05971587 x DA 
DG = 0.33333333 x DA 
DH = 0.79742699 x DA ) 
C 
I nteg ra t ion we ights are· 
G - 0 .1125 
H - 0 .06296959 
- 0 .06619707 
FIGURE 3.1 Triangular element used In finite elemen t analysis 
Dimensions of cantilever - 1/6 = 20 
-6 Cantilever material properties are q 1 E = 6 x 10 J V = 0.1 
FIGURE 3.2 Cantilever test problem 
I. 
/ 
For the finite element analysis -
p 
ax i s of 
symmetry 
FIGURE 3.3 Point loaded disc problem 
000000 
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, ~'o\fb'o'6~ I 
p 
40 
J 
~ = 1 v::: 0.1 ER I 
e = 60° 
P -4 E = 0.44213 x 10 
v = 0.2 
FIGURE 3.4 Thick cylinder under internal pressure 
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A xis of 
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->1 t- ro Free surfac e 
Fix ed bound ary 
FIGURE 3.5 Finite element grid for pile analysis 
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(a) Cylindrical cantilever 
*------50~------~ 
Finite element 
mesh has 
226 nodes, 
99 elements 
(b) Rigid punch on elastic half- space 
Tz (cj) 
FIGURE 3.6 Test problems for non-axi s ymmetric finite element 
prog ram 
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FIG U R E 3.7 C 0 m pa r i s on 0 f res u l t s f () r can t i l eve r 
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- -- Integral equation 
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-2 0.5 x 10 
v (soi I) = 0.4 
FIGURE 3.8 Distribution of shear stress down pile surface 
(The sudden increase near the free surface is 
an irregularity of the finite element method) 
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FIGURE 3.9 Alterna tive idealisa tions of a latera!ty loaded pi le 
= 
Stress resultants on element of soil are 
cP = (Jr cos e + Tr e sin e x . 
rjJ = (Jr sin e - 'Ire cos e y 
FIGURE 3.10 Stress resultants on pile-soil interface 
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(b) Separate deformation patterns of upper and tower layers 
FIGURE 4.1 Uncoupling of etfec ts due to pile shaf t and base 
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FIGURE 4.2 Details of deformat ion of upper layer of so il 
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FIGURE 4.4 Settl ement profil e at mid - depth of pile 
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FIGURE Lt.5 " " Test problems of a thick plate of soil with a rigid pile at the centre 
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FIGUR E 4.6 Distibution of r'ad ial movement with depth for real pile problem 
and test problem in Figure 4.5(b), from finite element analyses 
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FIGURE 4.7 Approach to the analysis of an underreamed pile 
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FIGURE 4.8 Vari ation of J = I n( rmlro) wi th pi le slende r ness ra t io and 
Poisson's ratio for homogeneous soil 
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integral equation analysis { - - --
equation (4.17) o & 0 
F IGUR E 4.9 Comparison of load -set tlement ra ti os for rigid pi les 
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FIGURE 4.10 Distribution of shear down a pile in a Gibson soil trom a 
finite element analysis 
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FIGURE 4.11 Comparison of se t tlement patterns at mid-depths of piles in 
homogeneous soil and Gibson soil 
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FIGURE 4.13 Deta ils of pile tC'st (Cooke and Price J 1973) 
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FIGURE 4.14 Typical profiles of shear modu Ius obtained w ith a self -boring pressuremeter 
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FIGURE L,.15 Examples of design charts for piles in so ft clay 
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FIGURE 5.1 Comparison of actual and approx imate surface 
settlement profil es for a rigid punch 
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FIGURE 5.2 Interac tion fac tors for pairs of rigid piles 
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FIGURE 5.4 Comparison ot load settlement ratios for piles in a 3x 3 pi le group in homogeneous so il 
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FIGURE 5.7 Comparison of result s from tests on row of piles (Cook e ,1 9 74) 
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displacement fi eld is shown) 
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APPENDIX A - ANALYSIS OF THE DEFORMATION OF A THICK 'PLATE' 
OF' SOIL 
Using forms of Love's (1928) stress function, an analytic 
solution to the test problems (a) and (c) can be found (section 
4.3.3). Love's stress function, ~, satisfies the biharmonic 
equation and is applicable to axisymmetric problems - the 
stresses and displacements being given by: 
'ij2 ( 'ij 2~) = 0 'ij2 1 a (r a a 2 (i) = - a-r a-r) -/- -r az 2 
a 
[v 'ij 2~ _ a 2 ~ ] (ii) ° = az ~ r 
() 
[v 'ij2cj> _ 1: ~J (iii) °8 = az r ar 
a [(2 - v) 'ij2cj>_a2~J (iv) ° = 3Z Z a-22 
a [( 1 - v) 'ij 2 cj> 
-UJ (v) T -a-r rz az 2 
(1 -/- v) a2~ 
(vi) u = araz E 
(1 -/- v) [2 (l - v) V 2~ - a2cj> ] + A (constant) (vii) w = E az2 
Three forms of the function, ~, were used - the last being 
due to Clemmow's (1 926 ) analysis of a thick plate, (see also 
Little, 1973). 
1. 
2. 
3. 
~l = -ar 2 (ln(£) - 1) i 
a 
cj>2 = [z 4 S "3 (2-v) - r 2z 2 (1-V) 
(viii) 
- r 4 ~J ;' 'ij2~2 = 2S[2z 2 -r 2] (ix ) 
cj>3 E I [{(A +B z )cosh(k z)+(C +D z )sinh(kz)}'J (k r)J = (l+v) n=l n n n n non 
(x ) 
where J (k a ) = 0, and a is the radius of the plate o n 
'ij2cj>3 ::: ~~+V) I [kn{Dn cosh(knz) -/- Bn Sinh(knZ)}·Jo(krf>] 
n=l 
(xii ) 
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The requir ed solution will b e an even function of z, 
thus B = C = 0: 
n n 
for cb 3 , E = (l+v) I [k 2{(A k +2vD )cosh(k z )+D k zsinh(k z )} n= l n n n n n n n n 
C5 
z 
u 
= -(El +,,) I [k 2 {D k z cosh(k z) v n=l n n n n 
.J 1 (k r)] (xii) n 
+ (A k - (1 - 2v)D ) 
n n n 
sinh(k z)}.J (k r)] (xi. ii) 
non 
= I [k {D k z cosh(k z ) + 
n=l n n n n 
(A k +D )sinh(k z )} 
n n n n 
·J 1 (knr)] (xiv ) 
w = - I [k {(A k -2 (1 -2v )D )cosh(k z)+D k z sinh(k z)} 
n-l n n n n n n
J 
n n 
.J (k r) (xv) 
o n 
The first two expressions for cb give pur~ shear where 
T 
rz 
= -4a (1 -v ) 
r 
and pure bending, C5 = 48 (1+v)z, respectively. 
r 
The last expression is a Fourier-Bessel analysis for satisfying 
the boundary conditions on the surface of the plate, z = + h, 
(whe re 2h = £ ). 
It was shown in Chapter 4, that the shear stress must 
vary with radius as T = T r Ir. Test problem (a) is thus 
o 0 
satisfied by the first e xpression for cb if 4a(1-v)= T r = P/2n£. 
o 0 
This immediately gives w = 
"'T r 
o 0 
G 
In (E.) 
a 
(cf. equation (4.10)). 
Thus for the finite element case (a), where £/ro = 40.0, and 
air = 50.0, the deflection at r = 
o . 
is w = 0.01556.P/r
o
G. 
'l'he finite element analysis gave w = 0.01564.P/r G - a difference 
o 
of '\, 1 9-o • 
For case (c ), the boundary conditions are that Trz = C5 z = 0 
for z =+ h. Thus shear stresses of - ~a(l-v) at the surfaces 
r 
must be contributed by the Fourier-Besse l analysis. Using the 
result (Gray , Mathews, and t1acRobe rt, 1931) that, if 
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00 
F (r) = I Q J1(k r) 
n=l n . n 
then 
o 
In the present case, Fer) 
thus Q
n 
p 2 
= 41Th 
. 
a 2 J 2 (k a ) 
1 11 
Q
n 
p 2 
= 41Th . a 2J2 (k a) 
1 n 
;for O ~ .r~ a 
p 
= 41Thr 
rJ (k r) 1 n 
0 
and 
dr 
J (k a) = 0 
o n (xVi) 
(xvii) 
(xviii) 
(xix ) 
(xx) 
Also, for 0z = 0 on z = + h, equation (xiii ) necessitates that 
A k - (1 - 2v)0 - D k h coth(k h) . 
n n n n n n 
Thus, finally 
(l+v) 
E 
p 
The expression for u i s now 
1 
(cosh(k h)-k h cosech(k h)) 
n n n 
(xxi) 
(xxii) 
u = 
4B(1-v 2 )rz + I [k {o k z 
E n=l n n n 
cosh(k z)+(~ k +0 )sinh(k z)} 
n n n n n 
. ' J 1 (knr)] (xxiii) 
To model the fixed edge at r = a,u must equal zero at r = a, 
z = + h. In order to achieve this, an amount of pure bending 
may be added to this solution such that: 
-E B = 4(1-v 2 )ah 
E 
I [k {D k h cosh(k h)+(A k +D )sinh(k h)} 
n=l n n n n n n n n 
(xxi v) 
00 
sinh(k h) ·J 1 (k a)] n n [ k • D n n B = . L 
n=l 
(xxv) 
2 (J_+v )ah 
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Although the boundary conditions at r = ro are not exactly 
matched this will not unduly affect the overall displacement. 
The final expres sion for the settlement at r = r , 
o 
+ (l -2v )} .J (k r )] 
ono 
z = 0 is: 
(xxvi) 
The computation of the Fourier- Bessel terms is relatively simple 
since the size of the terms, Dn' rapidly becomes negligible and 
only the first five zeros of J (k a ) = 0 need be included. 
o n 
The value of w(r , 0) calculated from the above expression 
. 0 
was w = 0.01940.P/r G as compared with the finite element answer 
o 
of 0.0194 4 .P/r
o
G - a 0.2% difference - for v = 0.4. In general, 
for diffe rent values of v, the settlement may be written: 
w = (0 .01556 + 0.036 (1 .5 - v)) .p/roG (xxvii) 
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APPENDIX B - DETAILS OF ANALYSIS OF OTEO'S (1972) MODEL PILE TESTS 
(a) Tests on single pile (Oteo, 1972) 
A single aluminium (E = 7.10 4 MN/m 2 ) pile of p 
was embedded to a depth of 220 mm in a bed of 
18 kN/m 3 • The pile protruded 55 mm above the 
radius r = 4 ~n 
o 
sand of density 
level of the sand; 
loads were applied and deflections measured at the top of the 
pile. The measured initial load-deformation ratio was 
u/Ph ~ 100 mm/kN. 
The shear modulus of the sand will be assumed to increase 
proportionally with depth. Taking a value for the shear modulus 
of G = 5 z MN/m 2 (where z is in metres) and assuming \) = 0.25, 
the appropriate parameters and deformation constants may be 
evaluated from equation (6.18) to give: 
u 
s 
9,c = 0.219 m, 
= 39.6 P + 402 M 
= 402 M + 6920 M 
* G = 0.650 MN/m 2 , (p = 0.5) 
c c 
(i) 
-3 
",there the deformations are in nun and 10 radians I and the 
loads are in kN and kNm. 
The additional deformation of the pile due to the unsupported 
55 mm may be calculated from bending theory. Thus 
u' = 3.94 P + 107 M 
(ii) 
8' = 107 P + 3910 M 
The moment ~ loading is zero at the top of the pile and equal to 
0.055 P at the ground surface. Thus the overall deflection of 
the pile top is 
u = u + 0.055 e + 3.94 P = 109 P 
s s 
(iii) 
This agrees reasonably well with the measured result. 
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(b) 3 x 3 Pile Group (Oteo , 1972) 
Tests we,re conducted, in the same b ed of sand, on a 3 x 3 
pile group with the piles rigidly connected to a pile cap 
suspe nded 55 mm above ·the surface of the sand. Such a group 
is not straightforward to analyse because the strengthening aspect 
of the cap must be taken into account. The analysis is most 
easily accomplishe d in terms of the average load-deformation 
constants per pile , following the procedure outlined in Figures 
7.8 and 7.9. In order to estimate the effect of interaction 
between the piles, an overall interaction factor ah , for fixed 
head deformation, may be calculate d, as discussed in section 7.3.1. 
Similar, reduced, factors may be estimated for other modes of 
deformat ion and the average pile deformation constants (equi ·-
valent. to equation (i) above ) become 
u f = 16.3 (1 + ah ) P 
u !:e 402 (.1 + (\h/2 ) M + u f (i v) s s 
e !:e 402 (1 + ah/2)p s + 6920 (1 + CX:h /4) M 
The fixing moment Mf for a given load P may be found by equating 
e
s 
to zero in equat ion (iv). In addition, the restraining 
moment due to the push-pull deformation of the piles must be 
calculated. Since there is no external applied mome nt, the 
moment M (Figure 7.9) is given by 
c 
(v) 
where the result in section 7.3.1 has been divided by three 
to give the mome nt per pile. Finally, the deformation of the 
free-standing portion of the piles (given by equation (ii)) 
serves as a link between conditions at the pile cap and those 
at the ground surface. Thus 
= e + 107 P + 3910 M s c (vi) 
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Equations(ii), (iv), (v) and (vi) enable a solution to be 
found for the average pile stiffness of the group. The steps 
will be illustrate6 for a pile spacing of s = 8 ro . 
A. From the analysis for vertically loaded piles, k = 0.2 kN/mm. 
v 
Thus M = - 0.000137 e . 
c c 
B. From conside ration of fixed head interaction 
a = 1.59 for s = 8 r . h 0 
Thus u f = 42.2 P 
e :::: 9670 M 
s s 
c. Mf = 0.0746 P (from equation (iv)) 
D. Equation (vi.) leads to 
(vii) 
(viii) 
( ix) 
e = 9670(0.0746 P - 0.000137 8 + 0.055 p) + 107 P - 0.536 e 
c c c 
(x) 
Thus 
e = 475 Pi M = - 0.0651 Pi e = 623 Pi M = 0.0644 P 
c c s s 
(xi) 
E. u = Us + 0.055 e
s 
+ u' = u f + 722 Ms + 0.055 es + u' (xii) 
u = 120 P (xiii) 
The ratio of the average pile stiffness in the 3 x 3 group to 
that of a single pile is thus 0.91. The equivalent results for 
other pile spacings are plotted in Figure 7.10. 
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APPENDIX C - FOURIER- BESSEL ANALYSIS OF PILE CONSOLIDATION 
The analysis leading up to the solution of the radial 
consolidation of the soil around a driven pile, has been given 
in Chapter 8. The details of the computational work given 
below take, as starting point, the s olution of equation (8.48), 
b e aring in mind the conditions on the cylinder function given 
by (8.23 ) and (8.25). Details of Fourier-Besselanalysis are 
given in ref 64, and ref 2 of Appendix A. 
The main problem is the calculation of the Bessel function 
zeros and the cylinder function constants, ~n. It is known that 
~ j (A r ) = Jj(Ar) + ~n Yj(Ar) = 0 n 0 n 0 n 0 (i) 
~ ( A r*) = J (A r* ) + ~ Y (A r*) = 0 o n o n non (ii) 
Thus, writing z = A r and r; = r*/r n n 0 0 
Jj(z ).Y ( r; z ) - Yj(z ) .J ( r; z ) = 0 
n 0 n n 0 n 
(iii) 
The roots; z , of this equation are given (approximately ) by 
n * Abramowitz and Stegun , pages 374 and 415. Newton's method is 
used to improve the accuracy of the initial guesses for the 
zeros, although, since the functions are oscillatory, some care 
must be taken to ensure that no zero is omitted or duplicated 
by reason of the initial guess being too . far away from the 
desired zero. 
The Bessel func·tions were calculated using the polynomial 
expressions given by Abramowitz and Stegun, although most 
computers have library sub-routines for these functions. 
Having found the zeros, z , and thus the various A and ~ , 
n n n 
the next stage is to 
expression for B is 
n 
evaluate the coefficients, B. The 
n 
given in equation (8.49), but details of 
* Handbook of Mathematical runctions , Dover Publications, New York, 1968. 
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the integration of the left hand side of equations (8.28) 
and (8.34) are provided below. 
Let I ~ f* lio r 
r-
o 
& (A r) dr 
o n 
Thus from equation (3 .39): 
R C (A r).r In(-) dr 
o n r 
. { [f
n 
RJR 
= 2 c ~l (Anr) .In(r:) u 
r 
R 
+ j 
o ro 
{ [f
n 
&, (V) .In(~) C (A r) o n Thus I = 2 c u 
Using equations (i) and (ii), 
2 c [ 
. I = u G (A r ) 
--rz- 0 n 0 
n 
A2 
C (A R) ] 
o n 
n 
(iv) 
(v) 
dr} G1(Ar) n A 
n 
(vi) 
JR } 
r 
(vii) 
0 
(viii) 
The technique adopted for choosing r*, is to use a small value 
(r* > R but close to R) in order to calculate ~ and u at small t, 
monitoring ~~ at r = r*. When this latter quantity rises 
above a certain threshold value, r* is increased and the next 
few increments of t use this new value of r*. The reason for 
this process, when, by choosing r* large enough in the first · 
place, a complete solution could be output for a single value 
of r*, is that greater accuracy is achieved. To keep the number 
of Bessel terms down to around fifty, it is helpful if r* is 
as low as possible, consistent with being beyond the influence 
of the pore pressures generated by the driven pile. The program 
ou·tputs values of u, ~, lIq and lip' at a number of different 
radial positions for times from zero until consolidation is 
-259-
complete (where the pore pressure at the pile shaft is less 
than 0.1 per cent of the starting value). Checks on this 
output are: 
(i) 
(ii) 
.( ili) 
~ = 0 at t = 0 for all r 
u = u at t = 0 for all r 
o 
for t > 0, check that u ~ 0 at some radius less 
than the current value of r* 
In addition, a list of the Bessel function zeros and other 
parameters is output, to check for duplication or omission 
of any of the zeros of equation (iii). The list is repeated 
for the different values of r* taken - normally three different 
values are sufficient to cover the consolidation process. 
~v · 
I c~~: 
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